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ABSTRACT

We develop and demonstrate a first-principles approach, based on the nonlinear Maxwell-Bloch equations and steady-state ab-
initio laser theory (SALT), for inverse design of nanostructured lasers, incorporating spatial hole-burning corrections, threshold
effects, out-coupling efficiency, and gain diffusion. The resulting figure of merit exploits the high-Q regime of optimized laser
cavities to perturbatively simplify the nonlinear model to a single linear “reciprocal” Maxwell solve. The consequences for
laser-cavity design, and in particular the strong dependence on the nature of the gain region, are demonstrated using topology

optimization of both 2d and full 3d geometries.

1 | Introduction

In this paper, we present a new formulation for efficient inverse
design of nanolasers (Figure 1) to maximize efficiency (~ output
power/pump power), taking nonlinear and coupling effects into
account, and demonstrate 2d and 3d semiconductor-laser topol-
ogy optimization (TopOpt, Section 2.5). We exploit the fact that
optimization evolves the lasing cavity to a high-Q (= 100, long-
lifetime) regime to perturbatively extract hole-burning effects,
thresholds, output coupling, and other relevant phenomena
from a single linear “reciprocal” scattering solve excited from
the output port for a passive cavity. Our approach builds on
the “SALT” (steady-state ab initio laser theory) formulation
of lasing [1, 2] (Section 2.1), which exactly solves the nonlin-
ear Maxwell-Bloch equations for a single-mode lasing steady
state, including all nonlinear gain and saturation effects in the
Maxwell-Bloch model, but we are able to eliminate expensive
nonlinear and linear eigensolves using a new synthesis of SALT,
perturbation theory (extending single-pole approximation (SPA)-
SALT theory [2], Section 2.2), and temporal coupled-mode theory

(TCMT (3], Section 2.3). Our resulting figure of merit (FOM)
is a simple ratio ~ (/g,{lin |E|?dQ)*/ /gam |E|*dQ (Equation (14)
in Section 2.3.3) computed from only the linear-model electric
field E. We show that this FOM reduces to a more conventional
cavity LDOS-like optimization—power emitted into an output
channel by a dipole—in the limit of a point-like gain region
(Section 2.3.4), but leads to very different (more delocalized)
cavity designs and performance for a distributed gain region.
We demonstrate TopOpt of this FOM with both 2d and 3d
semiconductor-on-insulator designs, including manufacturing
constraints, and investigate the effect of gain-region diameter
(Section 3.1). We also compare to a heuristic FOM ~ fg i |E[2dQ
(Section 2.3.4), and show that this leads to suboptimal perfor-
mance (Section 3.1). Furthermore, we show how to incorporate
gain-diffusion effects [4] into TopOpt (e.g., for semiconductor
lasers in a free-carrier approximation) at the cost of only two
additional damped-diffusion solves (Section 2.4), and show that
diffusion favors a disconnected topology of the gain region
(Section 3.2). We believe that our results not only demonstrate the
importance (and surprising ease) of incorporating sophisticated
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FIGURE 1 | (a) Schematic nanolaser: pump power Poump excites a
gain profile D, and a lasing mode that outputs power P into a channel
(waveguide), for a cavity (from Section 3.1) that maximizes efficiency
~ Pout/Ppump- (b) Lasing amplitude |ay |2 (~ energy) vs. pump strength d,
lasing above a threshold dyy gy () Change S{Aw} in modal gain/loss
depends nonlinearly on amplitude |a|?, and stabilizes at |ay|?, where
S{Aw} = passive cavity loss y.

nonlinear lasing models into the inverse-design process, but also
provide a foundation for future extensions, e.g., to include an
explicit model of the pumping process, as discussed in Section 4.

The inverse design of nanolasers has conventionally been based
on improving generic FOMs that are related to lasing, without
directly modeling the laser physics or accounting for the spatial
distribution of the emitters [5], such as maximizing the cavity
quality factor Q (~ lifetime/period [3]). Another such FOM is the
local density of states (LDOS), which is proportional to Q divided
by a measure of modal volume (the “Purcell factor”) and is more
precisely the total power expended by a dipole source [6]; this is
related to enhancement of light-matter interactions (e.g., spon-
taneous emission rate) at a single point [7-10]. For example,
high Q factors lead to lower lasing thresholds [11] (Section 2.2).
Nonetheless, and as our results also demonstrate, in nanolaser
design a high Q alone is insufficient: while strong temporal
confinement (high Q) is crucial, the photons emitted by the gain
medium must also be efficiently extracted and coupled into an
output channel. This concept has been explored in the context
of inverse design of light emission, where the optical extraction
efficiency [12-20] —the (linear-model) output power of some
source into some channel(s)—is considered as the optimization
FOM. However, for laser design, simple metrics such as the Q,
LDOS, or extraction efficiency do not account for the precise
distribution of the gain medium and its overlap with the optical
field [5] or nonlinear lasing effects (e.g., gain, saturation). Below,
we show that an LDOS-like FOM only becomes equivalent to
a more complete lasing model in the limiting case of a point-
like gain region (as shown in Section 2.3.4). The LDOS is also
relevant to other physical phenomena such as sensing, and
there have been several research efforts targeting this FOM
using inverse-design frameworks like TopOpt [21-25], including
experimental realization [24], along with other methods targeting
high Q [26]. (TopOpt, reviewed in Section 2.5, is a gradient-
based inverse design framework that finds freeform designs
via large-scale optimization where “every pixel” is a degree of

freedom, and has been successfully applied to many photonic
problems [27, 28].) However, it is known that the result of cavity
optimization can be greatly altered if one targets an FOM that
is tailored to a phenomenon very different from spontaneous
emission at a point, such as Raman scattering [29-31], volume-
averaged emission [16], scintillation effects [32], or harmonic
generation [33, 34].

A key enabling factor for first-principles nanolaser design is the
recent development of SALT, reviewed in Section 2.1 [1, 2], which
formulates a tractable model of a full nonlinear lasing prob-
lem by transforming the time-domain nonlinear Maxwell-Bloch
equations [35, 36] into a set of self-consistent, time-independent
equations for the lasing steady state. SALT has provided a founda-
tion for many subsequent developments, such as improvements
in the theory of laser amplifiers [37], complicated gain media with
carrier diffusion [4], quantum limits on the laser linewidth [38],
and random lasers [39]. However, the fact that SALT is based on a
nonlinear eigenproblem (arising when a resonance lases) makes
it more challenging for inverse design than linear scattering:
not only does it have all of the pole-tracking and potential non-
differentiability of linear eigenvalue/resonance optimization [22],
but when a pole crosses the real-w axis one must also “turn on”
a nonlinear solver [40]. Merely identifying the lasing pole in a
differentiable way would be difficult without a good starting guess
(perhaps via LDOS optimization), and the nonlinear effects incur
additional computational complexity [40]. Although these issues
may be tractable in principle (e.g., differentiating the nonlinear
solve via implicit adjoint methods [41]; such methods have
been used to optimize nonlinear steady-state transmission [42]),
it would be better to find a more computationally efficient
formulation. The reason such an improvement should be possible
is the fact that an optimized nanolaser is quite special: to be high-
efficiency and/or low threshold, the cavity will have a high Q, and
it is known that SALT can be simplified by perturbative analysis
in this regime [2] (empirically found to be accurate for passive
cavity resonances with Q > 100 [43] and numerically validated
in Appendix D), although the previous perturbative “SPA-SALT”
techniques were not devised with optimization in mind. Here, we
show that specifically targeting efficient inverse design allows us
to obtain a computationally efficient and simple FOM without
sacrificing first-principles physics.

2 | Theoretical Framework

In this section, we introduce the theoretical framework to model
nanolasers using SALT in the perturbative single-mode high-
Q regime, and combining it with TCMT, we derive a FOM for
nanolaser optimization that can be be evaluated with a single
reciprocal scattering solve. First, we review laser modeling via
SALT (Section 2.1), which requires one to solve a system of
frequency-domain nonlinear equations to calculate laser proper-
ties. Then, we review SPA-SALT (Section 2.2) an approximation
for the single-mode high-Q cavity limit, where perturbation
theory is used to derive analytical expressions for laser properties
in terms of the passive cavity (no gain) mode solution. In this
limit, the equations simplify to a single eigenvalue problem. Next,
we use TCMT (Section 2.3) to derive a FOM (Equation (14))
that accounts for the out-coupling into a desired channel, and
can be computed with a single reciprocal solve, where instead
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of considering the emission from the gain medium one excites
an output channel and evaluates the linear-Maxwell electromag-
netic fields in the cavity. We then compare the FOM to a heuristic
generalization of the LDOS for a distributed gain medium, and
show that both FOMs are equivalent in the single-emitter limit
(Section 2.3.4). Finally, we define the topology optimization
framework (Section 2.5) to set up an optimization problem that
can be solved to maximize the FOM.

2.1 | Review of Steady-State Ab-initio Laser
Theory (SALT)

In a laser, an external pump excites a gain medium, which then
interacts with the optical cavity mode, and emits photons into an
output mode through stimulated emission. This is illustrated in
Figure 1a for an example of an inverse designed nanolaser. The
gain medium located in the cavity is modeled as an ensemble of
two-level atoms interacting with the optical cavity field, which
can be described by means of the Maxwell-Bloch equations [1,
35, 36]

Lpr,

VXVxE"-ZE* =
c2 c22£0
P* = (miw, —y,)P* + SE'D, ey
L

D =y(Dy D)~ ~[E*- (P*)" —P* - (B*)'],

where i is the imaginary unit, 7 is the reduced Planck constant, g
is a dipole matrix element, E*(r,t) and P*(r, t) are the positive
frequency components of the electric field and polarizations
respectively, .(r) is the complex relative permittivity of the
cavity, €, is the vacuum permittivity, D(r,t) is the population
inversion, D, (r) is the gain profile, which is established through
external pumping, w, is the atomic transition frequency, y,
is the gain width (polarization dephasing rate), and y, is the
population relaxation rate. Note that these equations rely on the
rotating-wave approximation (RWA) [2].

For semiconductor lasers, the population relaxation rate will
be much lower than the atomic transition frequency and the
dephasing rate (w,,y, > y;), which leads to the stationary-
inversion approximation (SIA) D ~ 0 [2]. One can then derive the
coupled nonlinear SALT differential equations [2]

[(wa)- <ec(r)+@“&><@> ]Ei(r)zo, @)

P — g + 1Yy c

where w; and E; are the complex-valued frequency and mode
profile of the i-th cavity mode, and the expression for the
population inversion is given by

N -1
D() = [1+er e? Ej(r)‘z] Dy(r)d, ()
j=1

where d is a scalar-valued pumping strength that we
have separated from the spatial pumping profile Dy(r),
T; =73/ [y} + (@; - w,)*] isa Lorentzian gain curve evaluated at
the frequency w; for a gain medium emitting at the wavenumber
w,, and e, is a non-dimensionalization scaling for the fields [2].

Note that this framework does not explicitly model the physical
pumping process: Dyd is treated here as a fixed input. As
discussed in Section 4, an opportunity for future work is to obtain
D, itself by solving an auxiliary system of equations, e.g., another
Maxwell solve for optical pumping. Also not explicitly included
here is the pump power to reach transparency (d = 0). Although
this could be larger than the additional d >0 pump power
required to reach/exceed threshold for high Q and low lasing
powers, the power to reach transparency is mostly a property of
the materials and the pumping process, independent of the lasing
mode, so it is not our primary concern in this paper.

2.2 | Single-Pole Threshold Approximation

The expression in Equation (2) simplifies when considering a
single high-Q lasing mode L (i = j = L) that is aligned to the
atomic transition w, = w; of the emitters in the gain medium.
This approximation, which is accurate for a sufficiently high Q
(e.g., Q = 100 in previous work [43] and numerical validation
in Appendix D) is also known as the single-pole approximation
(SPA-) SALT equation [2]

(V X V) — (e,(r) zAss(r))(%) ]EL(r) R

where the change in the dielectric permittivity is given by

Dy(r)d

AE’S(I') = ﬁ .
1+e."|EL(r)]

©)

Equation (4) still involves solving one nonlinear eigenvalue
problem. Nevertheless, the expression can be further simplified
by perturbatively reducing the equation to linear form. For
a high-Q cavity, operating at low powers near threshold, the
gain required to balance cavity loss is small. More precisely, in
this regime the change in the imaginary part of the dielectric
permittivity induced by the active medium will be small («x 1/Q)
with respect to the passive cavity permittivity (Aeg < ¢.), for a
high-Q passive cavity mode with a complex angular frequency
frequency @&, = w, — iy,, where the quality factor is defined as
Q = w,/(2y;). We can then describe the shift in the cavity-mode
frequency by using first-order perturbation theory [44]

“w, [, Aeg(®)]e,(¥)]* dQ

Ad, =i— S
T2 [ e (n)le ()] do

(6)

where e, is the mode profile of the passive cavity. In the high-Q
cavity limit, the lasing mode E; is approximately proportional to
the cavity mode [2] within a O(1/ \/6) error (proportional to the
square root of the radiated power [3]). The change in permittivity
can then be expressed as

Dy(r)d
L+ a2 (e2le,(®)I?/ [, e(r)le,(r)2dQ)

Acg(r) » @)

where a, is the amplitude of the lasing mode and the lasing
intensity |a, |* has units of energy. Note that since Aeg € R this
yields a purely imaginary shift in the cavity-mode frequency,
which can be used to counteract the losses of the passive cavity,
so that the cavity mode starts lasing.
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In the low-power regime, for a small amplitude |a, |* of the lasing
mode, one can expand Equation (7) in a Taylor series around
|a,|> = 0. As shown in Figure 1b the amplitude of the lasing
mode is zero at threshold, and the system will lase for a pumping
strength above threshold d > d,;..,- Notice, that we are here
considering the approximation where we neglect the spontaneous
emission into the lasing mode, which will lead to non-zero power
in the cavity mode below the lasing threshold [11]. In the zero-
amplitude limit, the change in permittivity is linearly related
to the pump strength: Aeg(r) = d Dy(r). As shown in Figure 1c,
for lasing to occur, the imaginary frequency shift caused by the
gain, as expressed in Equation (6), must balance the losses of the
passive cavity

S{ad,} -y, =0. ®

This condition is met at threshold (d = d,eqn), giving an expres-
sion for the pumping strength needed to reach threshold

1/, e®le ) do

— . 9
Q [ Dy(0)le,()]? dO ©

dthresh =

As would be expected, the pumping strength needed to reach the
lasing threshold is inversely proportional to Q and to the energy
confinement in the active medium, which leads to stronger light-
matter interaction. In Appendix A, we show how the same result
can be recovered using SPA-SALT. Note that in the single-emitter
limit where Dy(r) «x &(r — r’), Equation (9) simplifies to dy,eqn =
V/Q, where V is the typical “mode volume” of the resonance,
recovering an expression inversely proportional to the Purcell
enhancement and the LDOS [7-9]; we comment further on this
regime in Section 2.3.4.

Once the pumping strength crosses the lasing threshold, the
cavity-mode will start to lase with an amplitude a,, as depicted in
Figure 1b. Considering both the zeroth-order and the first-order
correction in the small amplitude expansion of Equation (7), we
derive an approximate expression for the lasing intensity

Ad [ e@e (®)]*dQ [, Dy(r)le,(r)|* dQ
ditresh e:? [, Do(r)]e,(1)]* dQ

la,|* =

)

where we have assumed that we are operating in the weak pump-
ing limit (just above threshold), where d & d,..q, and where Ad =
d — diresh < 1 represents the pumping strength above threshold.
For more details on this derivation, consult Appendix B. Note that
evaluating Equations (9)—(10) still requires one to solve a linear
eigenproblem to determine the modes of the passive cavity, as in
SPA-SALT. Nevertheless, assuming a high-Q cavity (Q 2 100), we
can eliminate this requirement by exciting the field in the cavity
with an external source (e.g., a waveguide coupled to the cavity),
since the field in the cavity will be approximately proportional
to the passive cavity mode e, [3, 45]. Although this eliminates
the requirement of an eigensolve, it does not include information
about the efficiency of coupling between the cavity mode and the
output channel. In the next section, we will use TCMT to encode
the out-coupling into a single, convenient FOM.

A
»n
o]
=
=+

FIGURE 2 | Coupled optical system composed of a waveguide guid-
ing an input field with amplitude s;;, and an output field with amplitude
Sout» coupled to a cavity with an amplitude a; through the decay rate 7.

2.3 | Nonlinear FOM via Temporal Coupled Mode
Theory

To define a FOM that can be evaluated by solving a single linear
system of equations and includes information about the coupling
into the output channel, we use the expression for the amplitude
in Equation (10) in the context of TCMT. For a system with
a sufficiently strong resonance (e.g., Q = 100 [3]) coupled to a
discrete set of input/output ports, TCMT derives a minimal set of
equations coupling the resonant amplitude with the amplitudes
of the port modes, constrained by energy conservation and
reciprocity to be determined purely in terms of the coupling rates
1/7 (lifetimes 7) [3]. Such a coupled optical system is illustrated
in Figure 2, where a cavity mode with amplitude a, (normalized
so that |a,|? is the energy in the cavity), total decay rate of the
resonance 1/7;, and quality factor Q = w,7,/2, is coupled to a
waveguide with an input amplitude s;, and output amplitude s,
(normalized so that |s| is power) through a decay rate 1/7,,,. Note
that the total decay rate 1/7; includes the decay rate 1/7,, into the
waveguide plus the decay rates into other loss channels such as
absorption and/or radiation [3].

2.3.1 | Emission Problem

In a direct formulation of the emission problem, the emitters in
the gain medium will generate energy in the cavity mode, which
then couples into the output waveguide mode. Using the TCMT
equations, one can calculate the output power when there is no
input waveguide mode (s;,, = 0), as [3]

w
Pout = |Sout|2 = _1|a1|2, (11)

wg

where Qy, = w;Ty,/2 is the quality factor for the coupling
between cavity and waveguide. By substituting the expression
for the amplitude in Equation (10) and the expression for the
threshold in Equation (9), the TCMT output power becomes

0 (/oDu®le P do)’

Py~ Adw, — .
1 "Que €22 [, Dle @I 40

(12)

Note that, to evaluate this expression, one still needs to solve a
single linear eigenvalue problem to determine the quality factors
and mode profiles.
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2.3.2 | Reciprocal Problem

Instead, we now consider the reciprocal problem, where the input
port excites the resonance (often a useful approach for ensembles
of emitters [16]). In this case, the TCMT equations imply a simple
linear relationship between the input power and the resonant
amplitude [3]

212 1 Q2
U=|ag|*==s,]> = —=P,,. 13)
1 ng in w, ng in

In the high-Q system, the field from the reciprocal solve E,
is almost exactly equal to the cavity mode plus an O(1/ \/6)
error [3]; thus, the energy |a,|* can also be readily calculated
by evaluating an integral of the reciprocal electric field in the
cavity: U = f 0 &.(r)|E,(r)|? dQ. Similarly, with this argument, the
reciprocal field E, can also be used as a substitute for the modal
field in Equations (9)-(12).

2.3.3 | Nonlinear FOM for Nanolaser Optimization

By solving the reciprocal problem in the weak pumping regime
(Ad <« 1), where we can model the pump power as being
proportional to the pump strength (P & d & dyesn), WE CAN
define a nonlinear lasing FOM

pump

e (o D@IE®P da)’
X
pump —fp, Do(DIE,(r)]* dQ

P
P

= FOM. (14)

where we have used the expression of the output power in
Equation (12), and the lasing threshold expression in Equa-
tion (9). We have left out proportionality factors and have
substituted the energy integral with the expression derived in
Equation (13). Although the “efficiency” (Pyy/Ppump) On the left-
hand-side of Equation (14) is < 1, eliminating the proportionality
factors results in the FOM defined by the right-hand-side taking
arbitrary (nonnegative) values. Notice that all quality factors
simplify, and we are left with an expression that only depends
on reciprocal field integrals, meaning that the FOM can be
evaluated with a single reciprocal solve (excited from the output
waveguide). Moreover, this FOM ~ |E,|°/|E.|* ~ |E,|?* is roughly
proportional to the energy in the cavity (~ |E,|?) and thus to
the Q factor. This fact will ensure that maximizing the FOM
yields high-Q optimized cavities, making the perturbative single-
pole approximation more and more accurate as the optimization
progresses (numerical validation of this high-Q approximation is
provided in Appendix D for optimized nanolasers).

2.3.4 | LDOS and the Single-Emitter Limit

To show how the nonlinear/first-principles FOM compares to
more conventional cavity-optimization approaches, we introduce
a “naive” generalization of the LDOS, which heuristically mod-
ifies the definition of the LDOS to account for out-coupling
efficiency (through a reciprocal solve E,) and a distributed gain

medium D,

mmm=/mmmmma 1s)
Q

This FOM targets the overlap of the electric-field intensity of the
reciprocal field with the gain distribution. Like our nonlinear
FOM, this naive FOM is also proportional to the electric-field
intensity in the cavity (~ |E,|?) and thus to the Q factor (all
other things being equal, though this FOM is also affected by
the coupling/extraction efficiency), which will also tend to yield
high-Q optimized cavities, with strong field in the gain medium.
Similarly, it will favor a low lasing threshold via Equation (9).
Indeed, we observe these properties in the inverse-design results
of Section 3.

Interestingly, in the single-emitter limit, where the gain distri-
bution is modeled as being concentrated at a single point r’,
i.e., Dy(r) x 8(r —1’), the nonlinear FOM (Equation (14)) and
the naive FOM (Equation (15)) become equivalent, reducing to
an LDOS-like FOM when solving the reciprocal problem [46]:
FOM « |E,(r")|>. Whereas the usual definition of LDOS would
correspond to the total power expended by an orientation-
averaged dipole source at r’ [6], this FOM corresponds (via
reciprocity [46, App. C]) to the dipole power emitted only into the
output channel, a form of extraction efficiency. Such a point-gain
FOM is therefore reminiscent of earlier efforts [21-25] to optimize
cavities by maximizing LDOS or extraction efficiency.

However, for extended active regions with a gain region whose
diameter is not small compared to the wavelength (> 1), the naive
and nonlinear objective functions are inequivalent, and we will
show in Section 3.1 that the resulting geometries and performance
differ substantially, highlighting the importance of deriving the
correct first-principles FOM rather than using heuristic targets.

Another interesting situation is that of a single point-like gain
region, such as a quantum dot, whose location randomly varies
from one fabrication to the next. In that case, one might wish
to target the average performance (the expected value E[FOM]).
Since the point-like gain FOM is « |E(r')|?, performing an
ensemble average over gain locations r’ with a probability dis-
tribution P(r') immediately leads to E[FOM] « [/ P(r)|E.(r)|?,
identical to Equation (15) except that D, is replaced by P.

2.4 | Accounting for Steady-State Diffusion in the
Gain Medium

In semiconductor lasers with extended media, i.e., as opposed
to isolated emitters such as quantum dots, it is paramount
to account for diffusion of excited carriers. Thus, while the
spatial profile of the lasing mode leads to a spatial variation
of the local rate of stimulated emission and hence a spatially
varying depletion of excited states, gain diffusion smoothens
out the effective gain profile. As introduced in the complex-
SALT (C-SALT) model [4], this effect can be accounted for by
modeling a bulk semiconductor gain medium in the free-carrier
approximation, where carrier-carrier Coulomb interactions are
neglected. In this approximation, one can include diffusion in
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Equation (7) by applying a set of linear operators

-1

Ac(r) = (S +1¢ [E, ) [D,]()d (6)

where [ is the identity operator, and the exponentially damped dif-
fusion is encoded in the operator S' =1+ V - (Ré(r)V), where
Ry(r) is a diffusion lengthscale determined by the spatially-
and design-dependent diffusion coefficient combined with the
damping/recombination rate. In this notation, an operator is
applied as L[b], where L is the operator and b is a scalar field.
As an example, computing u = S[b] corresponds to solving for
the scalar field u in the diffusion problem S~'u = b. Note that
for small diffusion Ry <« 1 we recover the original expression in
Equation (5) because S ~ [.

Similar to the derivations in Section 2.2, we calculate the pumping
strength needed to reach the lasing threshold by employing
perturbation theory for small |E, |* ~ |a,|?

1 Jpemle P do
Q /, SIDJ@®)le,(®)|> dQ

a7

dlhresh =

In this case, the lasing threshold can be decreased by overlapping
the mode with the diffused gain profile S[D,] in the cavity.

In a similar fashion to the derivations in Section 2.3, we use TCMT
to calculate the nonlinear lasing FOM that accounts for diffusion

(/, SIDJ@)[E@)P d)’

FOM «
/o, SIE, |2 S[D](®)[E,(r)]? dQ

18)

where the diffusion is applied to both the gain profile in the
numerator, and to the product of the diffused gain profile S[D,]
and the electric-field intensity of the reciprocal field in the
denominator. This highlights the fact that diffusion will not only
affect the gain medium but will also diffuse depletion of the
emitters in the gain region due to the hole-burning effect. For a
more detailed derivation of the expressions in this section, refer
to Appendix C.

2.5 | Topology Optimization Formulation

In this section, we review the standard density-based TopOpt
formulation [27, 47] that we employ to describe and optimize our
degrees of freedom, which is mostly independent of the choice
of FOM. Density-based TopOpt parameterizes the distribution of
materials in space by introducing a design field, the “density”
p(r) € [0,1], where the extremes p = 0 and p = 1 correspond to
the two materials, while unphysical intermediate materials are
also permitted temporarily as the design evolves. To regularize
the optimization problem by introducing a weak sense of geo-
metric lengthscale (ensuring convergence as the computational
resolution is increased), one applies a filtering and thresholding
scheme to the design variables. The thresholding, which pushes
the design toward a “binarized” structure in which intermediate
material are excluded, is performed via a smoothed Heaviside

projection [48]

tanh(g - 1) + tanh(g - (5 — 1))

tanh(B - ) + tanh(8 - (1 = 7))’ (19

la = Gﬁ,n(ﬁ) =

where § is the physical field, ©4,(5) is the thresholding function,
B €[1,00) and n € [0,1] are hyper-parameters that control the
threshold sharpness and value respectively. The filtered design
field g, which regularizes the problem by introducing a minimum
lengthscale ry, is obtained using a Helmholtz-based filter [49]

re I
| — ) Vo+p=0p, (20)
(m) prp=p

where r; is a filter radius. The projection steepness £ is gradu-
ally increased as the optimization progresses: a small 8 allows
grayscale structures in which the topology can change smoothly,
while a larger 8 binarizes the structure but slows convergence
(so the largest § is only imposed at the end, when the structure
is nearly converged) [50, 51]; the precise optimization details are
given in Appendix E.

The filtering step regularizes the problem, but does not strictly
exclude features that have arbitrarily small lengthscales. In
order to exclude such non-manufacturable results, we employ a
standard technique to impose additional geometric minimum-
lengthscale constraints [52, 53] with a minimum feature size just
above the single-pixel level (= 40 nm) on both the solid and void
regions, with the details in Appendix E.

The projected density p is mapped onto a physical material
(and gain) by a straightforward interpolation. In particular, the
refractive index n is given by a linear interpolation

n=ny,+pH(n —ny), e3y)

where subscript 1 denotes the material and 0 the background. We
also model a design-dependent extinction coefficient

x=—(a+a'p(l-p), (22)

where « is a coefficient that introduces artificial optical losses
to broaden the frequency response of high-Q optical resonances,
thus facilitating the optimization problem [22]; and &’ is an
attenuation factor that discourages intermediate values of p by
introducing optical losses. As the optimization progresses, « is
gradually “turned off” to zero (eliminating the unphysical damp-
ing) while o’ is gradually “turned on” (penalizing unphysical
intermediate materials). The gain medium is also dependent on g,
because we assume that gain is only present in the solid material.
Furthermore, in Section 3, we explore gain regions of varying
diameters, described by a Gaussian profile around the center r,
of the cavity, yielding the equation

Dy(r, p) = eygryplr) e "l 2%, (23)

where o, parametrizes the width of the Gaussian. Future work
may replace this ad-hoc gain profile with an explicit physical
model of a pumping process, such as optical absorption, as
discussed in Section 4.
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3 | Computational Results

In this section, we apply the theoretical framework reviewed and
developed in the previous sections to optimize nanocavity-based
laser devices. First, we compare our developed first-principles
FOM with a heuristic generalization of the LDOS (Section 2.3.4)
through the inverse design 2d cavities (Section 3.1), demonstrat-
ing the increasing importance of a first-principles model as the
diameter of the gain region increases. Then, we study how steady-
state diffusion effects influence the optimized nanocavity designs
(Section 3.2). In all cases, the permittivity of the solid regions is
€ = 12 (characteristic of semiconductors) and of the void regions
is € =1 (air). The gain medium material is modeled as a III-
V semiconductor-like material with a direct bandgap. Lastly
(Section 3.3), we consider the inverse design of more realistic 3d
cavities in semiconductor-on-insulator system (SOIL, ¢ = 1.44? for
the substrate). (Detailed simulation and optimization parameters
are given in Appendix E.)

In all cases, the laser is optimized for a wavelength of 1550 nm,
and we impose a minimum lengthscale [52] (Section 2.5) just
above the single-pixel level (= 40 nm) on both solid and void
regions. The design region is 2.325pum X 2.325um, connected
to a single-mode output waveguide (width 500 nm), with PML
absorbing boundary layers [54, 55] along with absorbing boundary
conditions [56]. The 2d simulations employ the H, (out-of-
plane H, in-plane E) polarization, whereas the 3d simulations
use the analogous mostly-H, waveguide mode. All simulations
employ a finite-element discretization whose details are given in
Appendix E, with resolution ~ 40 nm in the design region. Anti-
symmetric mirror-symmetry boundary conditions (Neumann for
H,, equivalent to a perfect electric conductor) are imposed
to halve the computational region (bisecting the waveguide).
Although such a non-convex optimization problem may, in
principle, have non-symmetric local optima (and TopOpt often
exhibits many local optima with similar performance [57, 58]), we
found that symmetric optima were often found even if we did not
impose symmetry, and imposing mirror symmetry reduces com-
putational costs. Except where otherwise noted, all optimizations
began with a homogeneous p = 0.5 starting structure.

3.1 | 2D:Nonlinear vs. Naive FOM

To showcase the difference of optimizing for a naive gen-
eralization of the LDOS (Equation (15), Section 2.3.4) or
for the first-principles nonlinear FOM (Equation (14), Sec-
tion 2.3.3), in Figure 3 we compare the performance of
optimized nanolasers for different gain region sizes: o, €
{25 nm, 50 nm, 100 nm, 250 nm, 400 nm, 500 nm}. Half of the
cavities are optimized for the naive FOM (green), while the
other half are optimized for the derived nonlinear FOM (yellow).
To make the FOM easier to interpret, reproduce, and compare
across nanolaser platforms, we normalize the nonlinear FOM
by dividing by ¢(o,) = max {|E,,*} (/, D:(0,)dQ)’, where E;,
is the input-waveguide electric field and D = e IFmol?/20g g
the Gaussian gain profile with the structure (¢,6) dependence
removed. Note that the results have been cross checked to ensure
that indeed a design optimized for a certain domain size is the
best for that domain size.

As pointed out in Section 2.3.4, in the single-emitter limit where
the active region is point-like, the naive and nonlinear FOM
become equivalent, and in consequence we observe in Figure 3b
that the optimized cavities become nearly equivalent for small
0, < . In this single-emitter limit, the cavity geometry exhibits
a central bowtie-like feature—a structure commonly arising in
LDOS optimization [21-25]—which is known to enhance light-
matter interaction at a single point [31, 59, 60] by concentrating
the in-plane electric field at the emitter location thanks to a field
singularity [10, 61] at any sharp tip. (Here, the bowtie sharpness is
limited by our > 40 nm lengthscale constraints.) Due to the strong
field concentration at the cavity-tip, the normalized FOM/¢(a,),
has a larger value compared to the cavities that were optimized
for larger gain-region sizes.

As the active region size increases, the system transitions beyond
the single-emitter regime, and the cavity designs optimized for
the naive and nonlinear FOMs begin to differ significantly as the
gain diameter approaches the wavelength (o, 2 1/n; ~ 450 nm).
In both cases, the spatial averaging of the emission means that
arbitrarily sharp tips are no longer beneficial (because [ |E|?
is finite) [31]. For our largest gain diameter (g, = 500 nm,
Figure 3d), the structure optimized using the nonlinear FOM
achieves a performance & 3x greater than the structure optimized
with the naive FOM. We attribute this to the nonlinear “hole-
burning” effect (Section 2.1) captured in the denominator of the
nonlinear FOM (Equation (14)) but not present in the naive FOM
(Equation (15)), which penalizes strong spatial field localization.
As illustrated in Figure 4, the electric-field distribution shows
that the cavity optimized for the naive FOM concentrates the
field at its center, whereas the cavity optimized for the nonlinear
FOM distributes the field more homogeneously around the
active region D, reducing hole burning and leading to a higher
nonlinear FOM. Moreover, as the active region size becomes
larger, the normalized FOM (FOM/{(c,)) decreases (Figure 3a),
and transitions from the sharp-tip large-enhancement regime to
distributing the electric field within the active material, which
results in the normalized FOM becoming roughly proportional
to Q for larger active region sizes (Section 2.3.3). Note that the
non-normalized FOM increases by several orders of magnitude
as the active-region volume grows, simply reflecting the larger
gain medium emitting light into the lasing mode. We emphasize
that field singularities at sharp tips play a negligible role in most
of the designs. As discussed above, they are only favored when
the gain region is effectively point-like and the two FOMs become
LDOS-like, whereas they are explicitly penalized in the nonlinear
FOM for an active region with size comparable to the wavelength
of light. This suppression of singular features contributes to the
intrinsic robustness of the optimized cavities, as the performance
does not rely on the minimum lengthscale of the geometry.

Finally, we validate a posteriori one of the main assumptions
in the first-principles modeling based on the SPA-SALT (Sec-
tion 2.2): that the optimized cavities are indeed high-Q cavities.
By means of a post-processing eigensolve on the optimized the
cavities, we find that the Qs of the lasing modes are in the range
Q € [350,1000] = 100, which validates the SPA-SALT and TCMT
approximations [3, 43] as shown in Appendix D. Not only that,
as pointed out in Section 1, there is a trade-off between designing
a high-Q cavity and a cavity that couples efficiently to an output
port. By computing the power fraction in the waveguide relative
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FIGURE 3 | Performance of inverse designed devices for increasing active region sizes 0. (a) Evaluation of the nonlinear FOM normalized by the
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is marked in a dashed white line. In the gain profile for the nonlinear device in (d), the active region size oy is explicitly shown for illustration purposes.
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FIGURE 4 | Electric-field norm |E(r)| in devices optimized for a gain
medium of standard deviation o, = 500 nm. The fields are expressed in
max-normalized units.

to the total lasing-mode power in the post-processing eigensolve,
we evaluate the lasing mode’s optical extraction efficiency in the
topology-optimized cavities. As expected from the definition of
the nonlinear FOM (Equation (14)), which directly incorporates
out-coupling effects, we find values of the optical extraction
efficiency > 0.9 for most of the designs, highlighting the ability
of the FOM to yield high-Q cavities with high optical extraction
efficiencies. We finally note that we have also assessed fabrication
robustness by evaluating how systematic over- and under-
etching would affect performance using the nonlinear FOM for
the device with o = 500 nm. Following [62], a change in threshold
value An = 0.1 corresponds to a dimensional variation of Al ~
10 nm, yielding a FOM scaled by a factor & x0.20 when evaluated
at the new (shifted) resonance frequency as determined by an
eigensolver. Moreover, to study how realistic random roughness
(e.g., surface roughness) affects the design, we have considered
a random variation of Az = 0.1 with a spatial correlation of 10
nm, and see that the FOM is scaled by a factor ~ x0.55 for such
perturbations. This provides a quantitative estimate of expected
performance tolerance to nanoscale variations for the optimized
high-Q nanolaser designs.

3.2 | 2D: Gain Diffusion

Gain diffusion is important in extended gain media, such as
bulk materials and quantum wells, when the extent of the gain
region becomes comparable to or larger than the diffusion length.
In such cases, the diffusion counteracts the effect of spatial-
hole burning. To understand the impact of gain diffusion on the
optimization results we use a diffusion model based on the C-
SALT framework [4](Section 2.4) to analyze the performance of
the cavity previously optimized for a gain medium of size g, = 250
nm (Figure 3), where diffusion was neglected. Using this design
as an initial guess, we re-optimize the cavity in Figure 5 using
the diffusion FOM (Equation (18)), assuming a diffusion length
of R, = 5um comparable to typical electron and hole diffusion
lengths in semiconductor materials such as Si [63, 64], InP [64],
(In,Ga)N [65], InAs [64], GaAs [64], and InGaAs [66]. Note that
as the diffusion lengths decrease, the system approaches the
non-diffusive limit (Ré < 1, Equation (16)), and the optimization
results will converge toward those presented in Section 3.1.

Evaluating the diffusion-corrected performance of the
device optimized without considering diffusion (FOM/¢ =
1119,“Nonlinear FOM” in Figure 5) reveals a significant 2-fold
drop in FOM compared to the diffusion-optimized structure
(FOM/¢ ~ 2118, “Diffusion FOM” in Figure 5), underscoring
the importance of including diffusion effects in the optimization
process. This reduction in FOM can be attributed to the diffusion
of carriers within the active region, as shown in the diffused
gain profile S[D,], which reduces the field overlap in a structure
designed for the nominal Gaussian gain profile. However, by
optimizing for the FOM that incorporates diffusion, the cavity
design is able to compensate for this effect: both changing
the field profile to match the modified gain distribution, and
by changing the structure to control the diffusion itself. In
particular, as shown in Figure 5, the optimizer disconnects the
cavity from both the waveguide and low-field regions, while
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FIGURE 5 | Spatial profile of the gain medium Dy (r) with a standard
deviation o, = 250 nm, the diffused gain medium S[Dy](r), for a diffusion
length of Ry = 5um, and the electric-field norm |E(r)| of the cavity mode
for the inverse designed cavity not accounting (left) and accounting (right)
for diffusion. All fields are expressed in max-normalized units.

also removing material from areas with weak electric field. This
confines the emitters or carriers to the high-field cavity region
and improves the overlap between the diffused gain region S[D,]
and the electric field distribution (which is also more spread out
than in the non-diffusion design).

3.3 | Cavity Design of a 3D Physics Model

In this section, we demonstrate that our approach is compu-
tationally efficient enough to attack fully 3D systems, since it
is no more expensive than traditional linear inverse design. In
particular, we consider an example nanolaser cavity designed for
typical semiconductor-on-insulator platforms, in which a 220 nm
semiconductor slab is patterned on top of a silica (n = 1.44)
substrate, with air above. The design region is otherwise similar
to the 2d geometries, consisting of a 2d pattern and waveguide
extruded with constant cross sections in the semiconductor layer,
where voids in this layer are filled with air and the active material
takes up the entire thickness (extrusion length) of the slab and is
embedded within the semiconductor structure. PML+absorbing
boundaries are used above and below the slab, separated from
the semiconductor layer by 720 nm. Additional implementation
details are provided in Appendix E.

Using this 3d model, we again optimize nanolaser cavities
with a gain medium size of o, =500 nm for the naive and
nonlinear FOMs (Figure 6), with no gain diffusion. Similar to
the 2d case, the device optimized for the naive FOM creates
a strong field concentration close to the cavity center, while
the device optimized for the nonlinear FOM spreads the field

more evenly over the active material region to counteract hole-
burning effects. However, and in contrast to the 2d optimization
results (Section 3.1), in 3d there is a more modest increase of
the FOM when targeting nonlinear (FOM /¢ =~ 148) vs the naive
FOM (FOM/¢ ~ 90) —there is an increase of a factor of ~ 1.6
(instead of the factor of 3 in Section 3.1). We attribute this result
qualitatively to the fact that localizing a high-Q resonance is
more difficult in a 3d slab system than in 2d, because of the
need to minimize out-of-plane radiation. That is, in 3d, more
design freedom is devoted to increasing Q than in 2d, leaving
less design freedom to optimize the field profile for hole-burning
effects. Nevertheless, the increase in the FOM is still a substantial
improvement, with no additional computational cost over a naive
approach. Post-processing the 3d results through an eigensolve
again validates the high-Q assumption for SPA-SALT and TCMT
analysis, with values of Q ~ 150, while the optical extraction
efficiency is moderately high > 0.75, lower than in 2d (Section 3.1)
presumably due to out-of-plane radiation for this tiny (= 1.54 X
1.51) cavity. We expect that higher Q and efficiency should occur
for larger design regions, similar to previous nanocavity designs.

4 | Conclusion

In this paper, we have shown that by careful analysis of a lasing
model, exploiting perturbative analysis valid in high-Q cavities,
we can obtain an optimization figure of merit (FOM) for the
input-to-output efficiency of the laser that that incorporates a
wide range of important phenomena—such as resonant enhance-
ment, spatial hole-burning, and gain diffusion—with little or no
additional computational cost compared to simpler FOMs such
as the LDOS. Only a single linear “reciprocal” Maxwell solve is
required to evaluate our FOM, plus two scalar damped-diffusion
solves if gain diffusion is included. The results, in both two
and three dimensions, show substantial benefits to such a first-
principles approach compared to heuristic field-intensity/LDOS-
like figures of merit, especially for a finite-diameter gain region.

While we believe that our new FOM should be immediately
valuable to inverse design of nanolasers, it also offers a starting
point for many future refinements. An obvious next step would
be to replace our ad-hoc gain profile D, with a full first-principles
model of the pumping process itself, since that process is likely
to also depend somewhat on the geometry. For example, optical
pumping can be modeled as a second Maxwell solve at the
pump wavelength (e.g., for vertical illumination), with D, being
computed from the pump absorption profile [4, 37, 67]. This is
conceptually similar to the coupled pump-emission solves that
have been applied to inverse design of Raman scattering [29-
31], scintillation [32], and nonlinear harmonic generation [33,
34]. Moreover, one could include a geometry-dependent effect
on the pump power to reach transparency (Section 2.1), as well
as other effects such as absorption in the non-pumped region.
Alternatively, modeling electrical pumping would involve solving
a carrier-transport equation for D, [68, 69], again coupled to the
reciprocal lasing solve. Also, for the ultra-small active regions
considered in nanolasers, pump blocking due to bandfilling
effects become an important effect [11]. Even more complicated
pumping models might involve nonlinear interactions between
the pumping and emission processes, but since the emission
should still simplify via a resonance approximation, we are hope-
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(a) Naive FOM [E|

(b) Nonlinear FOM [E|

FIGURE 6 | Inverse designed devices in three dimensions. The devices lase into the cavity mode (inset plot) and out-couple to the fundamental
TM mode of the output waveguide (pink arrow). The electric-field norm is given in max-normalized units. (a) Device optimized for the naive FOM. (b)

Device optimized for the nonlinear FOM.

ful that such effects will still be a tractable nonlinear solve (e.g., by
a few Newton steps [40] for pre-selected poles), which would
be differentiable by implicit adjoint methods [41]. In principle,
optimization could also be applied to the full SALT equations,
with the perturbative approach providing an initial guess that
may reduce the difficulty of pole tracking—such a full-SALT opti-
mization may become necessary if one wants to drive the system
into the multi-mode regime. (Even without optimization, a SALT
solve could be useful to quantify the accuracy of the SPA-SALT
and TCMT approximations, although based on previous work
and the numerical validation provided in Appendix D, we expect
the errors in such perturbative methods to be small for high-
Q single-mode cavities like the results in this paper.) Another
effect that might be interesting to include in an optimization
FOM is the lasing linewidth, for which accurate first-principles
formulas in terms of the lasing mode have recently been derived
that include the full effect of nano-patterned geometries [38],
and which should be equally applicable to our reciprocal-solve
estimate of the lasing mode in the high-Q regime. It has already
been experimentally demonstrated that the distribution of active
material in a nanostructured cavity can be used to significantly
decrease the linewidth of a nanolaser [70].

As we commented in Section 2.3.4, the “naive” FOM (15) that
we employ for comparison purposes is actually a correct FOM for
situations in which a single emitter is randomly distributed with
probability density ~ D,. This situation arises experimentally
in systems employing quantum dots [71, 72], color centers [73-
75], and similar isolated point-like emitters, whose placement
is difficult to precisely control relative to the fabricated pattern.
Despite its simplicity, Equation (15) still encapsulates both the
perturbative lasing physics and the out-coupling efficiency for
such applications.
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Appendix A: Comparison with SPA-SALT

A.1 | Single Mode Lasing Threshold

In this appendix, we derive the connection between the single pole
threshold approximation in Section 2.2 and SPA-SALT. In SPA-SALT
notation, Let a passive cavity resonance e, (r) satisfy an equation similar
to Equation (4), but without the gain medium,

@
[(V X Vx) — sc(r)<c—z>] e (r)=0. (A1)

Here, @; is the complex frequency of the passive cavity
resonance. Under the single-pole approximation, the lasing mode

E;(r) ~ a;e(r)/ fQ e.(r)|ei(r)|2dQ, where a; is the complex
amplitude of the field for the first lasing mode. Thus, multiplying
Equation (Al) by a; and equating Equations (4, Al),

a")f , @
e o el = (e(r) —iheg(m)| = Jer(m). (A2)
Rearranging,
&2 — w?
sc<r><1—2L>e1<r) = —ideg(r)e, (r), (A3)
“r

The SPA-SALT lasing threshold is found by assuming that there is no hole-
burning term in the gain medium and allowing the lasing frequency to be

12 of 16

Laser & Photonics Reviews, 2026

85U80|7 SUOWIWIOD aAIIeRID 8|qedl|dde 8y} Aq peusenoh aJe e YO ‘88N Jo se|n. 1oy Areiqi8uljUQ AB|IM UO (SUORIPUOD-pUe-SWBIWI0D A8 |IMAeIq1 U1 UO//:SANY) SUORIPUOD pue SWe | 8U3 88S *[9202/80/#0] U0 AriqiTauljuO 3|1 ‘SeLofRI0de ] [UOIEN BIPUES AQ $TITOSZ0Z 10d|/200T 0T/I0p/AW0d A8 imAeIq1 U1 |UO//SANY Woly papeoumod ‘T ‘9202 ‘6688£98T


https://api.semanticscholar.org/CorpusID:121060929
https://www.comsol.com
https://doi.org/10.48714/DTU.HPC.0001

different from the gain’s central frequency, such that

Acq(r)= < B > Do(r)d ’
r-i@p —@a) ) 14162 a; 2e )]/ [, eo(r)le ()] dQ
(A%)
becomes
AN (r) = <.y—l>D0(1‘)d, (AS)
% v - i — wg)

where as a reminder Ty = y3 / [y7 + (@, — @4)?]. Altogether, at the first
lasing threshold, this yields

o - : YL
£c(r) 2 e(r) = —i < Y1 — i@ —wg) > dipreshDo(r)e (r). (A6)

L

The SPA-SALT threshold prediction [2, 43] is then found by integrating
both sides with respect to e;(r) as SALT generally uses the biorthogonal
normalization of the system’s lasing modes and resonances. We can
instead recover Equation (9) by restoring the assumption that w; = w,,
@ = wp, — iy1, and expanding (&2 — w?) /w? to first order in y,, yielding

5c(r)< —CZUiL}/l >e1(r) = —idpresh Do(r)e; (1), (A7)

which is then integrated by e](r),

dihresh = < (A8)

21 )( [, € @)ec(r)e; (1)dQ >

wr, /o, €1 (®)Dy(r)e; (r)dQ

A.2 | Interacting Threshold for a Second Lasing Mode

To estimate the effect of spatial hole-burning on the thresholds of other
potential lasing modes, we again approximate the spatial profile of each
potential mode to be that of a different cavity resonance, e, (r). We
note that while the approximation of treating the first lasing mode as
having the same spatial profile of a high-Q resonance is quite good
when the passive cavity resonance frequency is well-aligned with the
central frequency of the gain (as we do here, see Appendix D), this
same approximation on other lasing modes may be worse, especially
if the resonance frequencies are outside of the gain window and thus
experience significant line-pulling. Nevertheless, for the systems we
consider here, which are tailored to support a single high-Q passive cavity
resonance, this approximation is still sufficient to estimate the range of
single-mode behavior.

For any second lasing mode to reach threshold, such that the total
lasing field can be decomposed into two different modes with distinct
lasing frequencies E;(r;t) ~ aje;(r)e Lt + azez(r)e_i“’bz‘, we seek a
nontrivial (i.e., for |a,| < 1, but |a,| # 0) solution to

@2 — o?
EB(r)( zwz - >e2(r) - _i<h —i(ﬁ};i - @, )>
Ly 2 a

y Do
1+Tyez2ar P ey ()] [, e () le; (1)]2 dQ
x e,(1). (A9)

Note that if |a; | = 0, the non-interacting threshold for this other mode is
given by

o & <n—i<wL2 —wa>> Jo & e r)ey(r)dQ
thr w2 YL [, €5@)Dy(x)e,(1)dQ )’

(A10)

thus

Jo ec@ley(r)]?|ey ()17 dQ
Q

2  _ 40 21,12
dint thr — dthr 1+ The"ay

(A11)

To completely specify the interacting threshold of a second lasing mode
within the SPA-SALT approximation (though noting that here we are
using the Hermitian normalization and approximate orthogonality), we
can solve for |a;| at arbitrary d in the single mode regime up to and
including the second interacting threshold using Equations A4 and A5
as

d
dthresh

o| Jaslen@P ey do

(Jueclespdn)’

—1=T¢?|ay (A12)

To proceed, let

w= Jo &e®len®)Pley®)*d0 (A13)

(/o &@len2de )( [ cclen@[2d0)

denote the interaction coefficients [2]. Solving Equation (Al2) for
T'1e;2]a;|? and into Equation (Al1), one can write an implicit equation for
the interacting second modal threshold,

(2) (2) d'(2) X
d? = dPfq 4| e g (A2 ) Al4
int thr thr dthresh X11 ( )

where y;; denotes the self-saturation of the first mode (how much it
depletes its own gain) and y;, denotes the cross-saturation of mode 2
due to mode 1 (caused by the mode overlap). Finally, one can recover an
explicit equation for the interacting thresholds of a second lasing mode as

1-xu/xn

d(z) _ 4@
: @ ~
1- dthr)(21 /(dinresh X11)

intthr — " thr

(A15)

Note that this formula for the interacting threshold must be used with
some caution, as without some care it can produce the misleading result of
a negative interacting threshold. Instead, such a negative dfﬁz n Indicates
that the mode never reaches threshold. To see, this, first note that by
definition dfﬁz > dynresh, and similarly, y,; < 11, as the interacting modal
overlap between two modes cannot be greater than the interacting overlap
of a mode with itself. If y,; =0, i.e., the two modes do not spatially
overlap, the interacting threshold of the second lasing mode is the same as
d?  =d?

int thr thr
/dinresh that yields a positive denominator becomes bounded.

()
thr

above dy e first yields a zero denominator,

its non-interacting value, . AS ) is increased from zero, the

: ()
ratio of dthr

If, as a thought experiment, one could independently control d
(2)
thr
indicating a diverging dl(if o Defore the interacting threshold becomes

negative.Thus, within the SPA-SALT approximation,

without

altering y,,, increasing d

2
dfhi)( 21

(2)
>12d? S . (A16)
Aihresh X11 int thr

This divergence arises from the SPA-SALT approximation, which fixes
the modal frequencies and spatial profiles. Under this assumption, a
second mode cannot reshape its profile to access unused gain, so the
interacting threshold formally diverges. Physically, this does not mean
the threshold is infinite; it simply indicates that the second mode would
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require pumping far beyond the nonlinear regime where SPA-SALT is
valid. In reality, the threshold is extremely large but finite, supporting the
conclusion that the system remains effectively single-mode under typical
operating conditions. In Appendix D we use the interacting thresholds to
see compare the lasing thresholds of the first and second lasing modes.

A.3 | Scalar Residual for the SALT Model

Using the expression in Equation (A12) one can derive the lasing intensity
for an arbitrary pumping strength above threshold Ad = d — dpesh»

Ad

S — (A17)
I, € 2){11 dthresh

|‘11|2 =

which is the amplitude expression that we consider in Appendix B close
to threshold (Ad < 1) and in the weak pumping regime (|a; |> < 1).

By using the expression for the lasing intensity derived in Equation (A17)
together with Equation (3) in the single mode regime, it is possible to find
the population inversion above threshold,

-1
d-d
D) = |14+ — 2o (1)*| Dy(r)d, (A18)
Xlldthresh

which can be directly inserted into Equation (2). With this, we can define
anormalized scalar residual measure based on the weak form of our finite
element formulation that is a function of the pumping strength as

_ JoIVXE@? - [e(r) - iD(x, d))(w1/e)’ |E,(x)]? dO

r(d) -
Jo (@1/¢) e(@)|E (r)[2dQ

. (A19)

where we approximate the passive cavity mode with the reciprocal field
in the high-Q limit, while still considering the lasing frequency to be the
real part of the cavity’s resonance frequency (w; ~ w;). Thus, the residual
will account for errors in differences between the frequency of the mode
and the one used to solve the reciprocal problem, as well as the error
introduced through the nonlinear hole burning term. In Appendix D we
evaluate this residual for different values of the pumping strength d to
validate the high-Q approximation at threshold and above, which allows
to see how spatial hole burning affects the designs optimized close to
threshold (Ad = d — dippesh < 1).

Appendix B: Lasing Mode Amplitude in the Weak Pumping
Regime

Following a similar derivation to the single mode lasing amplitude in
Appendix A, in this appendix we detail the calculation of the lasing
amplitude in the high-Q, small amplitude, and small pumping strength
limit. It is possible to expand Equation (7) for small amplitudes (|a;|?> <
1), including the zeroth and the first-order terms. This gives

-2 2
e ey ()] > -

~ - 2 T e mle (1) dQ
Deg(r) Do(r)d<1 ol Joe®ley ()2 dQ

Note that this first-order correction has the form of a Kerr nonlinearity,
where the change in dielectric permittivity depends of on the electric-field
intensity. In the high-Q cavity limit, we can use Equation (6), where we use
perturbation theory to calculate the shift in frequency of the mode, and
substitute in the lasing condition in Equation (8). Using these expressions
and assuming that we operate close to the lasing threshold where d ~
dihresh and Ad = d — dypresh < dinresh» the lasing mode intensity is given
by

Ad Jye®ler®]?dQ [, Do(r)ley ()] d

where Ad denotes difference of the pumping strength d with the
threshold. (At large amplitudes, many additional nonlinear effects arise,
including competition from additional lasing modes, eventually requiring
a full nonlinear solver [40].)

Appendix C: Lasing Threshold and FOM With Steady-state
Diffusion

In this appendix, we revisit the derivations of the laser properties
(e.g., threshold, lasing mode intensity) and FOM, including steady-
state diffusion effects through the C-SALT formalism [4]. We introduce
diffusion in the gain model in Equation (16). By rewriting the lasing mode
as a function of the passive cavity mode, we find

e;%le;(r)]?

-1
W§> [Dolwyd.  (C)

Aeg(r) = S(D + a2

Similar to the case without diffusion, close to the lasing threshold, we
assume a small amplitude (|a;|> < 1), so we can expand the expression
in a Taylor series around |a,|? = 0. For zero amplitude the change in
permittivity is Aeg(r) = S[Dy](r)d . Using this expression together with
the lasing condition in Equation (8), gives an updated version of the
threshold pumping strength that accounts for diffusion effects, resulting
in Equation (17).

By including the zero-th and the first-order terms in the expansion, we
calculate the change in permittivity in the gain medium

e;%le;(r))?

~ — B
AEs(r)~§<ﬂ laq] Joe@le(r)[2da

S) [Dolr)d.  (C2)

Following the same relations as in Appendix B gives an expression for the
intensity of the lasing mode

Ad [ e@le®)2dQ [, SIDpIm)ley ()] d

C3
dinresh €2/, Slle1(r)]2 S[D]I(r)|e; (r)|? dQ ©

|a1|2 a4

Using this expression together with the TCMT equations (Section 2.3), we
obtain the FOM of Equation (18).

Appendix D: Validating the SPA-SALT Approximations

To validate the SPA-SALT approximation, we will use the derivations in
Appendix A. Primarily, we will evaluate the two key approximations in
our SPA-SALT-based optimization framework: that a single cavity mode
will lase with a threshold significantly lower than other cavity modes,
and that the electric field in the reciprocal problem accurately represents
the single lasing mode at threshold and above. As an example, we will
evaluate this by using the device optimized in 2d for a gain region with
o = 500 nm (i.e., the cavity design shown in Figure 3d and Figure 4).

D.1 | Lasing Threshold for a Second Lasing Mode

First, we identify the cavity modes closest to the optimized lasing mode.
These modes are resonances with a maximum Q-factor of Q ~ 200 (~ 1-2
orders of magnitude lower than the lasing mode), which are spectrally
separated by just a few nanometers. Given this spectral closeness, we
approximate that the closest modes do not experience any line pulling
effects (y; — oo, so that 'y — 1 and I', — 1). By using the expressions
for the interacting threshold of a second lasing mode in Equation (A15)

la;|? ~ 7 5 , (B2) and assuming @y, = @,, we find that the value for the second interacting
- 4
thresh e’ i o Po@ley®]* dQ threshold for the closest modes diverge: dl(lzlz e — - This divergence
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TABLE E1 | Continuation scheme parameters in the topology optimization framework.
Continuation step 0 1 2 3 4 5 6 7 8
Iteration 0 100 200 300 400 500 600 700 800
Threshold sharpness (3) 2.5 5 7.5 10 15 25 50 75 100
Attenuation factor (a’) 0.0 0.0 0.01 0.1 0.2 0.4 0.8 0.8 0.8
Artificial loss (a) 0.1 0.05 0.025 0.01 5.1073 0.0 0.0 0.0 0.0
Length scale error (¢) 1 1 1 1073 5.107* 107 5.107° 1073 5.107°
T T T T T T Appendix E: Simulation and Optimization Parameters
N 0.006 ] In this section we detail the parameters used in the simulation and
Tg optimization of the nanolaser devices. The numerical model is dis-
= 0.005 | p ] cretized using the finite-element method [56], with first-order Nedelec
8 thresh elements [56] for the frequency-domain electromagnetic problem and
= 0.004 | ¢ ] linear Lagrange elements for the steady-state exponentially damped
i L . . L diffusion problems.
0.002 0.004 0.006 0.008 0.010
Pumping strength (d) The simulations are performed in COMSOL Multiphysics (version
6.2) [76] and the optimization is solved using the Globally Convergent
FIGURE D1 | Validation of the linear response high-Q approxima- Method of Moving Asymptotes (GCMMA) [77]. All computations are

tion at and above threshold. The residual as a function of pump strength
d for pumping strengths up to d & 5desn - The lasing threshold is marked
in red at dypeqy = 2.01 - 1073,

arises from the SPA-SALT approximation, which assumes that the modal
frequencies and spatial profiles are fixed. Under this assumption, a second
mode cannot adapt its profile to access unused gain, so the interacting
threshold formally diverges. Physically, this does not imply an infinite
threshold; rather, the second mode would require pumping far beyond the
nonlinear regime where SPA-SALT is valid, so the threshold is extremely
large but finite. This means that within the SPA-SALT approximation
a second mode will not reach threshold in the presence of modal
interactions. This result thus supports the assumption that our system is
dominated by a single lasing mode. Furthermore, the small modal overlap
(quantified by y,;/x11) ensures that even modes close in frequency are
strongly suppressed by the first lasing mode, reinforcing single-mode
operation. In a full SALT calculation allowing modal profile adaptation,
the second mode could eventually turn on at very high pump, but this
occurs well outside the parameter regime considered here.

D.2 | Linear Response Validation for High-Q Cavities

Next, we validate the error between the linear response of the reciprocal
system and the SALT model above the threshold by using the scalar
residual measure defined in Equation (A19). The residual gives a scalar
measure of the relative error between the linear solution and the SALT
model, which can be used to validate the high-Q approximation (i.e., that
the reciprocal field is proportional to the cavity mode).

To show the validity of this approximation in Figure D1, we plot the
residual (Equation (A19)) as a function of the scalar pumping strength
(d). Close to the threshold (desn), the residual is very low (a relative
error of S 0.4%), whereas as the pumping strength increases, the residual
and the relative error start to increase. Nevertheless, even for a larger
pumping strength of d &~ 5dy,esn, the relative error is still smaller than
< 1%. We note that for even larger pumping strengths, the residual grows
as a linear function, and we calculate that for a pumping strength of
d ~ 100d e the relative error is still ~ 5%. These results confirm the
robustness and validity of the approximation for the inverse-designed
high-Q nanolaser cavities.

executed on the DTU Computing Center HPC cluster [78].

Geometrical Parameters

Two dimensional systems: In the 2d computational results (Section 3.1,
3.2) we consider a geometry based on a rectangular simulation domain
with length [ = 13.95 pm (along the x direction) and width w = 4.55 um
(along the y direction), where the rectangular design domain (Q) is
centered at position ry, = (1.1625um, O um), and has side of length of
lg = 1.54 = 2.325um. The design domain is connected to a waveguide
with width wy = 500 nm, which is excited at position rg, = (=1 um,
Oum).

Three dimensional systems: In the 3d computational results (Sec-
tion 3.3), we extend the previous geometry by extruding the 2D design
domain (Q) and waveguide out-of-plane (along the z-direction) to a height
of hg = 220 nm, and placing the resulting structure on a silica substrate.
The design domain is at the center of a simulation domain with total
height of h = 1.54 = 2.325 um.

Numerical Discretization

In the 2d plane the design is meshed with a structured square grid with
40 nm side length, while the rest of the geometry is discretized using
second-order elements on an unstructured triangular mesh with a side
length of 40 nm in the solid (n;) and 155 nm in the air (n;), so that
the size corresponds to roughly 1/10 in-material wavelengths. In the
3d simulations the waveguide and design domain are extruded with 5
elements out-of-plane, and the rest of the simulation domain is meshed
with tetrahedral elements with side lengths corresponding to 1/10 in-
material wavelengths. Note that all reported performances and fields
are evaluated using the final post processed design, discretized using
an unstructured triangular (tetrahedral) body fitted mesh with 20 nm
(~ 4/(20n,)) side length for the optimized structures.

Optimization Parameters

The main optimization parameter choices are the threshold value 7 = 0.5
and filter radius r; = 100 nm. The geometric length scale constraints [52]
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are enforced using the parameters ¢ = 39, and 7, = 0.75 and 74 = 0.25, as
to ensure a lengthscale ~ r¢/2 = 50 nm [53]. The rest of the parameters,
including the length scale error (¢) needed to enforce the length scale
constraints [52], are chosen as part of a continuation scheme, which is
essential to enable the use of gradient-based methods and ensures a well-
performing final binary design. In the continuation scheme we vary the
simulation parameters as a function of the iteration number to find a
binary and well performing final design. We summarize those parameter
choices in Table E1.
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