
PHYSICAL REVIEW B 114, 084201 (2026)

Efficient local classification of parity-based material topology
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Although the classification of crystalline materials can be generally handled by momentum-space-based
approaches, topological classification of aperiodic materials remains an outstanding challenge, as the absence
of translational symmetry renders such conventional approaches inapplicable. Here, we present a numerically
efficient real-space framework for classifying parity-based Z2 topology in aperiodic systems based on the
spectral localizer framework and the direct computation of the sign of a Pfaffian associated with a large sparse
skew-symmetric matrix. Unlike projector-based or momentum-space-based approaches, our method does not
rely on translational symmetry, spectral gaps in the Hamiltonian’s bulk, or gapped auxiliary operators such as
spin projections, and instead provides a local, energy-resolved topological invariant accompanied by an intrinsic
measure of topological protection. A central contribution of this work is the development of a scalable sparse
factorization algorithm that enables the reliable determination of the Pfaffian’s sign for large sparse matrices,
making the approach practical for realistic physical materials. We apply this framework to identify the quantum
spin Hall effect in quasicrystalline class AII systems, including gapless heterostructures, and to diagnose fragile
topology in a large C2T -symmetric photonic quasicrystal. Overall, our results demonstrate that the spectral
localizer, combined with efficient sparse numerical methods, provides a unified and robust tool for diagnosing
parity-based topological phases in aperiodic electronic, photonic, and acoustic materials where conventional
band-theoretic indexes are inapplicable.
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I. INTRODUCTION

Topological insulators are a class of materials character-
ized by nontrivial topological invariants and are guaranteed
through bulk-boundary correspondence to exhibit robust
boundary states protected against perturbations [1–4]. This
robustness is the key to enabling new technological domains,
such as spintronics, where spin-momentum locking may be
useful for low-power, high-speed electronics [5], as well as
fault-tolerant routes to quantum computing through topologi-
cal superconductors [6]. Topological insulators can also serve
as precursors to correlated phases at low temperatures when
electron interactions become strong [7], revealing novel forms
of quantum order. In crystalline systems, topological classifi-
cation is traditionally performed using approaches rooted in
band theory, where the system’s Bloch wave functions are
used to define invariants such as Chern numbers [8], the Z2

index [9,10], winding numbers [11], and multipole moments
[12]. Modern band-theoretic classification frameworks based
on elementary band representations can be applied across
databases of crystalline materials, resulting in the prediction
of a wide variety of topological phases [13–15].
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In contrast, the investigation of topology in nonperiodic
systems remains challenging, as the lack of translational sym-
metry renders momentum-space classification formulations
inapplicable. To address this need, real-space approaches to
material classification have been developed, either based on
projected position operators such as the Bott index [16], the
Kitaev [17], or the Bianco-Resta markers [18], or rooted in
the spectral localizer [19–22]. These theories of real-space
markers have been successfully applied to identify Chern- and
Weyl-based topology in quasicrystalline [23–27], amorphous
[28–31], and disordered [32,33] systems. For nonperiodic Z2

topological insulators in class AII of the Altland-Zirnbauer
(AZ) scheme [34–37] that exhibit the quantum spin Hall ef-
fect (QSHE) [9], specific real-space methods have also been
developed, such as approaches based on twisted boundary
conditions [38–40], scattering matrices [41–43], noncommu-
tative geometry [44,45], and the spin Bott index [46–49].
However, these methods for aperiodic class AII systems face
significant limitations. In particular, these existing local mark-
ers assume the presence of a spectral gap or mobility gap
in the Hamiltonian and sometimes also a gap in a spin pro-
jection, and thus can fail in gapless systems that commonly
arise in realistic models of disordered or aperiodic topological
phases. Moreover, these methods often lack an independent
measure of topological protection, i.e., beyond any spectral
gap, making it difficult to quantify the robustness of any edge
states. Computationally, the reliance on projectors in these
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approaches also forces the consideration of dense matrices,
limiting these frameworks to low-energy approximations of a
material and thus requiring that such a low-energy approx-
imation first be found. Yet, aperiodic materials represent a
crucial outstanding class of materials for broad topological
classification that are becoming even more relevant with the
advent of twisted van der Waals systems that can exhibit a
variety of topological and correlated phases, and in which in-
commensurate twist angles yield quasiperiodic systems [50].

Here, we develop a numerically efficient approach rooted
in the spectral localizer framework to classify Z2 parity-
based topology across a range of different symmetry classes
and demonstrate its application to realistic aperiodic systems
without needing a low-energy approximation. As this frame-
work does not rely on projecting into an occupied subspace,
our approach can identify the quantum spin Hall effect in
aperiodic class AII systems without requiring assumptions
about whether the material exhibits a spectral gap or suf-
ficiently separated spin sectors. In particular, the material’s
local topology is diagnosed through the sign of the Pfaffian of
a skew-symmetric matrix derived from the spectral localizer,
and a key aspect of this study is the release of an efficient
scalable algorithm for directly computing a Pfaffian’s sign
for arbitrary sparse skew-symmetric matrices [51]. In other
words, our algorithm can handle materials and heterostruc-
tures in arbitrary dimensions described by wave equations, not
just tight-binding models. We illustrate the utility of our ap-
proach by both locally classifying the QSHE in a tight-binding
quasicrystalline heterostructure and identifying the fragile
topology of a C2T -symmetric 2D photonic quasicrystal. More
broadly, our numerical approach allows for the efficient
computation of Z2 parity-based invariants in many other
AZ classes [19], both enabling the prediction of boundary-
localized protected states in natural, photonic [2], and acoustic
materials [3], as well as identifying candidate materials that
may exhibit novel correlated phases. Moreover, while our
algorithm does not directly compute the Pfaffian of a sparse
skew-symmetric matrix to find its sign, it can be combined
with algorithms to find a skew-symmetric matrix’s determi-
nant to yield the Pfaffian, as Pf(M ) = sign(Pf(M ))

√
det(M ).

II. LOCAL PARITY-BASED INVARIANTS USING
THE SPECTRAL LOCALIZER

To motivate the development of an efficient numeri-
cal algorithm for computing the Pfaffian sign of a sparse
skew-symmetric matrix, we consider the classification of Z2

topology in nonperiodic class AII systems using the spec-
tral localizer framework [19]. The key advantage of this
framework is that it uses an operator-based methodology
that incorporates the system’s spatial position operators while
not relying directly on the computation of a specific eigen-
subspace. In particular, the spectral localizer diagnoses the
system’s local topology from the real-space perspective of
atomic limits by assessing whether a system’s Hamiltonian
H can be path-continued to commute with system’s position
operators X,Y while preserving the relevant symmetry(s) and
a spectral gap of a matrix derived from H , X , and Y . As
such, the spectral localizer produces an effective method for
classifying the system’s local topology without spin resolution

or band gap assumptions and comes equipped with an inherent
measure of protection [22,27,52–55].

Consider a system with fermionic time-reversal symmetry
T = (I ⊗ iσy)K, with K being the complex conjugate op-
erator and I the identity. By definition, H is time-reversal
symmetric, meaning the Hamiltonian can be written in block
form as [56]

H =
(

A B
−B∗ A∗

)
, (1)

where ∗ stands for complex conjugation. Physically, this block
form reveals the nature of the QSHE, which relies on the
particular couplings contained in B between some internal
degrees of freedom in A, e.g., electron spins. Likewise, the
position operators also possess a similar structure as at least
two degrees of freedom exist at every site. A spectral localizer
is then generated by pairing a system’s Hamiltonian and po-
sition operators each with a different element of a sufficiently
large irreducible Clifford representation. For two-dimensional
systems where there are only three such operators, H , X , and
Y , the Pauli matrices can be used as the Clifford representa-
tion, such that

L(x,E )(X,Y, H ) = (H − EI ) ⊗ σz + κ (X − xI ) ⊗ σx

+ κ (Y − yI ) ⊗ σy (2)

is a spectral localizer and by construction is Hermitian, though
note that any choice of pairing between the system’s operators
and the Pauli matrices will work. Here, the choices of spatial
location x = (x, y) and energy E determine where in position-
energy space the system’s topology is being diagnosed, and
κ > 0 is a hyperparameter used to make the units consistent
between the Hamiltonian and position operators, as well as
to balance the spectral weight between position and energy
[22]. While there are proven bounds on κ that guarantee that
the obtained topological classification is stable [21,57], the
approximate scale of κ is set by the relevant spatial length
L0 and energy scale E0 of the system as a whole, or a chosen
region of interest, κ ∼ E0/L0 [58]. In practice, there is typi-
cally a κ range spanning two orders of magnitude that yields
quantitatively similar physical predictions [22].

In general, the philosophy of the spectral localizer frame-
work is to translate physical symmetries into a specific matrix
structure of L(x,E ) to reveal a topological invariant rooted in
matrix homotopy. By itself, the fermionic time-reversal sym-
metry of H , X , and Y is insufficient to guarantee a useful
structure of L(x,E ); on the spectral localizer, this symmetry
manifests as

(T ⊗ I )L(x,E )(T ⊗ I )−1 = L(x,E ). (3)

Here, there is a slight abuse of notation, as the K operation in
T is only applied to the material operators H, X,Y and not
to the Pauli matrices. However, note that the incorporation
of the Pauli matrices introduces an additional symmetry to
L(x,E ) as the Pauli matrices are all odd with respect to an
effective fermionic time-reversal symmetry TP = iσyK, such
that TPσ jT −1

P = −σ j and

(I ⊗ TP)L(x,E )(I ⊗ TP)−1 = −L(x,E ), (4)
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leveraging a similar notational abuse with K in TP only apply-
ing to the Pauli matrices. Thus the existence of both of these
individual-sector symmetries means that the spectral localizer
for 2D class AII systems possesses a third symmetry,

(T ⊗ TP)L(x,E )(T ⊗ TP)−1 = −L(x,E ), (5)

which resembles an effective charge conjugation symmetry
on the spectral localizer with (T ⊗ TP)2 = I . Altogether, this
means that the spectral localizer for 2D class AII systems can
be written in a basis such that Q†L(x,E )Q is purely imaginary,

(Q†L(x,E )Q)� = −Q†L(x,E )Q, (6)

while remaining Hermitian and Q unitary. This result is analo-
gous to how the Hamiltonians of 0D class D systems can also
always be written in a basis where the Hamiltonian is purely
imaginary [1,36].

The existence of a basis in which a 2D class AII spectral lo-
calizer is purely imaginary, and thus skew-symmetric, means
that L(x,E ) exists in one of two different homotopy classes,
distinguished by [19]

ξL
(x,E )(X,Y, H ) = sign[Pf(Q†L(x,E )(X,Y, H )Q)] ∈ Z2, (7)

so long as the spectral localizer remains gapped, i.e., none of
its eigenvalues are 0. Here, sign(α) is the sign of α and Pf(M )
is the Pfaffian of a skew-symmetric matrix. The key point is
that perturbations to L(x,E ), either in the form of perturbing
the system or shifting the choice of (x, E ), must possess the
same invariant as that of the unperturbed ξL

(x,E )(X,Y, H ) so
long as the spectral gap of L(x,E ) at 0 remains open under
the perturbation, as a matrix’s Pfaffian cannot change sign
without two of its eigenvalues reaching 0. Moreover, as L(x,E )

is Hermitian, the movement of its eigenvalues under such
perturbations is limited by Weyl’s inequality [59,60]. Thus the
local index ξL

(x,E ) is accompanied by a measure of robustness
given by the local gap

μ(x,E )(X, H ) = min[|Spec(L(x,E )(X, H ))|], (8)

where Spec[M] is the spectrum of M. In addition, locations
where μ(x,E ) ≈ 0 indicate the existence of an approximately
localized state � in H , with H� ≈ E�, X� ≈ x�, and
Y � ≈ y� [61]. Notably, such a measure of topological ro-
bustness through the local gap applies irrespective of whether
the system possesses a bulk band gap.

Overall, this analysis shows that the topology of a 2D
class AII system at a given location in position-energy space
(x, E ) can be locally classified by ξL

(x,E ), which carries with
it a measure of protection μ(x,E ), and at locations where
the topology changes and μ(x,E ) → 0, the system exhibits
an approximately localized state, yielding a bulk-boundary
correspondence. By considering an atomic limit of a gapped
Hamiltonian, one can conclude that ξL

(x,E ) = 1 corresponds to
a location in position-energy space where the system is trivial,
and ξL

(x,E ) = −1 denotes the topological phase. In addition,
one can find that the unitary Q that transforms L(x,E ) in Eq. (2)
to be purely imaginary is

Q = 1√
2

[I ⊗ I − i(I ⊗ iσy) ⊗ (iσy)]. (9)

Altogether, unlike other real-space approaches to Z2 topol-
ogy [38,39,41,44,47], the identification of the real-space Z2

topological phase within the spectral localizer framework can
be computed without the need for a bulk band gap or other
“gapped subspaces,” such as for the invariant relying on the
spin projectors, for example.

III. COMPUTATION OF THE SIGN OF A PFAFFIAN

The ability to classify parity-based material topology and
identify the associated boundary-localized states using the
sign of a Pfaffian of a large sparse matrix has the potential
to unlock the rapid classification of a wide range of aperiodic
materials. However, realizing this promise requires a numer-
ical implementation that can take advantage of the sparsity
of L(x,E ), as H and X are typically sparse. Generally, there
are several choices that must be made to compute the sign of
the Pfaffian, including conventions used to define the Pfaffian,
and as such, it is easy to numerically compute the sign of the
Pfaffian incorrectly or inefficiently. Instead, we seek a struc-
ture that is amenable to efficient numerical computation of
the Pfaffian’s sign without requiring the calculation of the full
Pfaffian, as this is the homotopy invariant of skew-symmetric
matrices.

A. Mathematics

Fundamentally, the Pfaffian of a skew-symmetric matrix
can be understood as a function that is a polynomial in the
elements of the matrix, and which defines a continuous square
root of the matrix’s determinant. The Pfaffian’s role in dis-
tinguishing two distinct homotopy classes of skew-symmetric
matrices can be seen by considering the two matrices

S+ =
[

0 α

−α 0

]
, S− =

[
0 −α

α 0

]
. (10)

While det(S+) = det(S−) = α2, neither matrix can be de-
formed into the other without the path in α either becoming
noninvertible when α → 0 or the path becoming non-skew-
symmetric. Thus S± are elements in distinct homotopy classes
of invertible matrices, distinguished by the sign of the element
in the upper right corner, i.e., by sign[Pf(S±)]. More generally,
for a 2n-by-2n skew-symmetric tridiagonal matrix

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 t1
−t1 0 t2

−t2 0 t3

−t3 0 . . .
. . .

. . . t2n−1

−t2n−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (11)

the Pfaffian is given by a product based on the elements from
the upper diagonal

Pf(T ) =
n∏

j=1

t2 j−1. (12)

Thus, for a tridiagonal skew-symmetric matrix, sign[Pf(T )]
can be calculated by simply looking at the signs of each t2 j−1,
without carrying out the full multiplication.

To use Eq. (12) to achieve an efficient numerical approach
for a general skew-symmetric matrix, two further results are
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required. First, any skew-symmetric matrix S can be factor-
ized using a lower-triangular matrix L to be tridiagonal, such
that

S = LT L�, (13)

see Lemma A3 in Appendix A. Second, that the Pfaffian of
such a factorization obeys

Pf(LT L�) = det(L)Pf(T ), (14)

see Theorem A10 in Appendix A. Moreover, as L is lower
triangular, det(L) can be found by simply taking the product
of the diagonal entries in L. Altogether then,

sign[Pf(S)] =
⎛⎝ 2n∏

j=1

sign(Lj, j )

⎞⎠⎛⎝ n∏
j=1

sign(T2 j−1,2 j−1)

⎞⎠,

(15)

yielding an approach that has the possibility of realizing an
efficient computational method so long as a fast algorithm for
performing the factorization Eq. (13) can take advantage of
any sparseness in S.

B. Computation

To implement a fast, sparse skew-symmetric factorization
method, we leveraged the software package TACHO [62,63],
available as part of the open-source software framework
TRILINOS [64], and took inspiration for the permutation strate-
gies from those originally developed by Duff [65]. Tacho’s
routines are based on multifrontal factorization while ex-
ploiting the dense supernodal blocks that appear during the
factorization process. Here, we have extended the serial fac-
torization routine of Tacho to compute the LT L� factorization
of a skew-symmetric matrix,

PSP� = LT L�,

where P is a row permutation matrix, T is a skew-symmetric
2-by-2 block diagonal matrix, and L is a unit-diagonal lower-
triangular matrix.

To maintain numerical stability of the skew-symmetric fac-
torization, we combined two types of permutation strategies,

P = PnPs,

where Ps and Pn represent the row permutations applied before
and during the numerical factorization, respectively. As Tacho
is primarily designed to obtain high performance on a GPU,
the pivoting Pn is applied only within the supernodal blocks.
Hence, the purpose of the initial permutation Ps is twofold, to
both enhance the stability and efficiency of the factorization.

To enhance the numerical stability of the factorization, we
first permute the rows and columns of S to move the nonzero
entries with large numerical values to the subdiagonal, such
that it is likely for T to have stable 2-by-2 pivots. We compute
this initial permutation, Ps1 , based on the maximum cardinality
or weighted matching algorithm [66].

Second, we permute the rows and columns of Ps1 SP�
s1

to
enhance the performance of the numerical factorization. In
our numerical experiments, we use the nested dissection al-
gorithm implemented in METIS [67] to compute the second
permutation, Ps2 . This matrix reordering strategy is designed

to reduce the number of new nonzero entries in L, so-called
fills, introduced during the factorization, lowering both the
storage and computational costs of the factorization. Before
computing Ps2 , we compress the matrix S1 = Ps1 SP�

s1
with

the 2-by-2 blocks such that the dimension of the resulting
matrix S̃1 is half of the dimension of S1 and the (i, j)th en-
try of S̃1 is nonzero only if the corresponding 2-by-2 block
of S1 is notempty. We then compute Ps2 based on the fill-
reducing reordering permutation P̃s1 of the compressed matrix
S̃1. In this way, the candidates for the 2-by-2 pivots com-
puted by the maximum-weighted matching stay together in
Ps2 (Ps1 SP�

s1
)P�

s2
. The sparsity structure of an example skew-

symmetric matrix before and after each step of the initial
permutation process is shown in Fig. 1.

Altogether, our approach yields an efficient algorithm
to compute the Pfaffian’s sign for generic sparse skew-
symmetric matrices using

sign[Pf(S)] = (sign[det(L)])(sign[det(P)])sign[Pf(T )].
(16)

Moreover, as expected, our implementation achieves im-
proved runtime scaling as a function of matrix size compared
with dense algorithms, see Fig. 2.

The memory cost of the sparse skew-symmetric factor-
ization is governed by the filling in the triangular factor L
and by the temporary frontal matrices generated during the
multifrontal factorization. For matrices arising from local
d-dimensional discretizations with bounded stencil degree,
nested-dissection orderings give standard sparse-direct esti-
mates for factor storage of O(N log N ) for d = 2 and O(N4/3)
in d = 3, compared with O(N2) storage for dense methods
[68–71]. Moreover, recall that for the classification of mate-
rial topology, one assumes that couplings between different
sites vanish for sites sufficiently far away from one another
[17], guaranteeing a bounded stencil degree. Thus, although
our sparse approach is not expected to remain strictly linear-
memory in general, the fill-reducing ordering changes the
memory scaling from dense quadratic growth to the stan-
dard sparse-direct scaling for local geometric problems. The
matching and 2-by-2 pivoting used here affect the constants
but do not change these asymptotic estimates when the block
structure follows the same local sparsity graph.

Before concluding this section, we note that if S is both
skew-symmetric and Hermitian, it is purely imaginary; for
example, all of the entries of Q†L(x,E )Q from Sec. II are
imaginary. For such cases, ±i should be inserted to make S
real while preserving its skew-symmetry and so as to enable
the use of algorithms tailored for real matrices that tend to be
more efficient. As Pf(cS) = cnPf(S) for an S of size 2n-by-2n,
the insertion of ±i has a predictable effect on sign[Pf(S)].
In particular, physical systems with the potential for parity-
based topology are guaranteed to have Hamiltonians of size
2n-by-2n. Thus, if such a system is 2D, any associated spectral
localizer has size 4n-by-4n due to tensoring with the Pauli
matrices. If the size of H happens to be divisible by 4 (not just
2), the size of L(x,E ) will be divisible by 8, and the Pfaffian
of L(x,E ) in a skew-symmetric basis will be unaffected by
multiplying by ±i as (±i)4 = 1. However, even if the size
of L(x,E ) is only divisible by 4, multiplying by ±i still yields
an internally consistent sign of the Pfaffian, i.e., consistent
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FIG. 1. Sparsity structure during the initial skew-symmetric permutations. Structure of the nonzero elements of the original matrix S (a),
after matching Ps1 SP�

s1
(b), and after fill-reducing reordering PsSP�

s (c) where SQ†L(x,E )Q is formed from a spectral localizer in a skew-
symmetric basis for a 2D photonic quasicrystal. For this example, S is 546 016-by-546 016 and has 3 244 872 nonzero elements.

across different choices of (x, E ). Thus, by choosing (x, E )
far outside of the system’s spatial or spectral extent where
the system is provably guaranteed to be trivial [72], the in-
dex value corresponding to a trivial material phase can be
identified, and any changes in this index as (x, E ) is varied
guarantee the appearance of nearby boundary-localized states.
As such, rather than Eq. (7), it is more efficient to compute

ξL
(x,E )(X,Y, H ) = sign[Pf(±iQ†L(x,E )(X,Y, H )Q)], (17)

and, if necessary, perform a single additional calculation for
large x or E , or some other location in position-energy space
where the system is known to be trivial.

FIG. 2. Runtime trend comparison of sparse and dense ap-
proaches. Runtime to calculate sign[Pf(S)] as a function of matrix
dimension using the sparse skew-symmetric factorization (blue cir-
cles) compared against a dense approach based on the Hessenberg
factorization of S (red squares). Here, S is the spectral localizer in
a skew-symmetric basis of a 2D tight-binding lattice formed from
a Penrose tiling–based quasicrystal, such that the matrix dimension
reflects the size of the tight-binding lattice. Different dots at the same
matrix size are for different coupling strengths between the sites in
the quasicrystal lattice.

IV. Z2 TOPOLOGY IN AN APERIODIC
2D CLASS AII SYSTEM

To demonstrate the application of the spectral local-
izer framework for classifying the topology in nonperiodic
systems with fermionic time-reversal symmetry (class AII
systems) and compare our sparse matrix factorization meth-
ods against existing dense matrix approaches, we consider a
system composed of two coupled quasicrystalline layers that
would independently possess opposite Chern numbers, sim-
ilar to the Bernevig-Hughes-Zhang (BHZ) model [73]. The
single-layer Chern quasicrystals are constructed following a
generalization of the Qi-Wu-Zhang (QWZ) model [74] to non-
crystalline systems [25] where the sites in the tight-binding
model correspond to the vertices of a Penrose tiling and the
couplings follow the edges of the tiles, as shown in Fig. 3(a).
In particular, the Hamiltonian H1 of the first quasicrystal layer
has two internal degrees of freedom, where each vertex j has
a staggered on-site mass

[H1] j j = uσz, (18)

and the couplings between the vertices j and k are given by

[H1] jk = t1σz + i 1
2�(σx cos(θ jk ) + σy sin(θ jk )), (19)

with θ jk being the angle of the bond between the vertices j
and k with respect to the (positive) horizontal axis, and t1
and � determine the couplings between the internal degrees
of freedom. The Hamiltonian H2 of the second layer is then
given by H2 = H∗

1 . Altogether, the two-layer system, which
realizes a quantum spin Hall-like system without translational
symmetry, is

H =
(

H1 C
C† H∗

1

)
, (20)

with C = tcI ⊗ σy giving the interlayer couplings acting
on the internal degrees of freedom and chosen to satisfy
fermionic time-reversal symmetry [11]. Note the Hamiltonian
in Eq. (20) has the same block form as in Eq. (1) with A = H1

and B = C.
For a range of couplings tc between the quasicrystalline

layers, the aperiodic system possesses nontrivial Z2 topology
at a mid-gap and at the lattice’s center that can be classified
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FIG. 3. Nontrivial Z2-topology in a quasicrystalline system.
(a) Schematic of a Penrose tiling where the solid cyan lines rep-
resent the couplings between the internal degrees of freedom on
the vertices of the tiling, with parameters t = 1, u = 2t , t1 = 2t ,
� = 2t , and tc = 0.3t . (b) Spectrum of the system’s Hamiltonian
Spec(H ) and of the spectral localizer Spec(L(x0,y0,E0 ) ) against the
interlayer couplings tc, and the associated local gap μ(x0,y0,E0 ) and
local Z2-topological invariant ξL

(x0,y0,E0 ), calculated at the center of
the lattice (x0, y0) and energy E0 = 0. The colors in the Spec(H )
panel represent the inverse participation ratio (IPR). (c) Local density
of states (LDOS) at E = 0. Each lattice site is represented as a
two-dimensional Gaussian for better visualization. (d) Spectrum of
the system’s Hamiltonian Spec(H ) for interlayer coupling tc = 0.5t
and tc = 3t . Spectral localizer-based calculations use κ = 1.7(t/a)
with a being the length between coupled sites.

using ξL
(x0,y0,0), see Fig. 3(b) (also see Appendix D for further

details of the Chern topology within each layer). This nontriv-
ial Z2 phase also corresponds to the appearance of topological
edge states at the boundary of the quasicrystalline system, as
shown in the local density of states (LDOS) summed over
all the degrees of freedom at E = 0 in Fig. 3(c) and in the
in-gap states appearing in the finite system’s full spectrum
in Fig. 3(d). However, when the interlayer coupling tc is too
strong, the system becomes trivial with no topological edge
states around E = E0, see Fig. 3(d). As expected, the topolog-
ical transition in the interlayer coupling occurs at precisely the
tc when the spectral gap of L(x,E ) closes; as the coupling tc is
increased, two eigenvalues simultaneously cross zero, forcing
the local gap to close and resulting in a change of the local
parity-based topological index.

Beyond the identification of the Z2 topology in gapped
nonperiodic systems, the spectral localizer framework also
enables the investigation of topological properties in gapless
systems, namely systems lacking bulk band gaps. To exem-
plify the topological classification in an aperiodic gapless
system, we consider a gapless quasicrystalline heterostructure
as shown in Fig. 4. In particular, the system’s left side uses the
same parameters as in Fig. 3 with tc = 0.3t , and is thus gapped

FIG. 4. Z2 topology in quasicrystalline gapless heterostructure
system. (a) Penrose tiling where the solid cyan lines represent the
couplings between the internal degrees of freedom on the vertices
of the tiling. The left part of the lattice with black dots has param-
eters t = 1, u = 2t , t1 = 1t , � = 2t , and tc = 0.3t , while the right
part of the lattice with orange dots has parameters t = 1, u = 1t ,
t1 = 1t , � = 0.1t , and tc = 0. (b) Spectrum of the Hamiltonian of the
heterostructure quasicrystal lattice Spec(H ), as well as the spectra
of Hamiltonians of the monostructure lattice using parameters of
the left and right parts in (a). [(c) and (d)] Local invariant ξL

(x,y,E0 )

and local gap μ(x,y,E0 ) at energy E0 = 0, respectively. (e) Local
density of states (LDOS) at E = 0. Each lattice site is represented
as a two-dimensional Gaussian for better visualization. Spectral
localizer-based calculations use κ = 1.7(t/a) with a being the length
between coupled sites.

with nontrivial Z2 topology, while the system’s right side is
chosen to be gapless, as revealed by the corresponding spectra
plotted in Fig. 4(b). Altogether, the gapless spectrum of the
whole quasicrystalline heterostructure system is shown in the
left panel of Fig. 4(b). Despite the system’s lack of a bulk
spectral gap common to both domains, both the local Z2 index
ξL

(x,y,E0 ) and the local gap μ(x,y,E0 ) over the whole system at
E0 = 0 can be computed from the spectral localizer, as shown
in Fig. 4(c). Furthermore, the variation of the local index as a
function of position is inevitably associated with the closing
of the local gap μ(x,y,E0 ) → 0, as seen in Fig. 4(d). As such,
while the system’s LDOS at E = 0 Fig. 4(e) is not conclusive
in confirming the topological nature of the boundary-localized
state, the local gap’s closing guarantees the existence of local-
ized boundary states near the locations where μ(x,y,E0 ) → 0.
Overall, the absence of a band gap results in “leaky” topolog-
ical boundary modes that can be nevertheless identified and
predicted within the spectral localizer framework.

Note that the physical interpretation of the localizer gap
in the gapless heterostructure differs from the conventional
picture of a fully gapped topological insulator. In a crys-
talline quantum spin Hall system with a global bulk gap,
bulk-boundary correspondence guarantees spectrally isolated
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FIG. 5. Fragile topology in photonic quasicrystal. (a) 2D photonic quasicrystal constructed from the Ammann-Beenker quasicrystal. The
dielectric rods (yellow disk) are located on the vertices of the Ammann-Beenker quasicrystal, and the dielectric squares (made of the red and
blue semi-squares) are located on the vertices of the Voronoi edges of the Ammann-Beenker quasicrystal. The zoom-in shows the different
dielectrics where ε0 = 1, ε1 = 11.56, ε2,ii = 16, ε2,xy = −ε2,yx = 6i, and ε3 = ε∗

2 . The diameter of the rods is r = 0.15a and the edge length of
the squares is d = 0.2a, with a being the side length of the square tile in the Ammann-Beenker quasicrystal. (b) Local gap μ(x0,y0,ω) and local
Z2-topological invariant ξL

(x0,y0,ω) as the normalized frequency ωa/2πc is varied, calculated at the center of the lattice (x0, y0 ) = (0, 0). The gray
shaded areas show the fragile topological region with nontrivial Z2 index. (c) Spectrum of the photonic system around ωa/2πc = 0.8. (d) Local
density of states (LDOS) at ωa/2πc = 0.8. [(e) and (f)] Same as (c) and (d) but for ωa/2πc = 0.6. Spectral localizer-based calculations use
κ = 0.04(2πc/a2).

edge channels that realize quantized spin-polarized transport.
By contrast, in the quasicrystalline gapless heterostructure in
Fig. 4, the spectrum is globally gapless because the topo-
logical insulator domain is coupled to a gapless domain.
Nevertheless, the nontrivial local invariant ξL(x, y, E0) to-
gether with a finite local gap μ(x, y, E0) still guarantees
the existence of boundary-localized resonances near the in-
terface where the invariant changes value. Physically, these
states correspond to helical edge resonances that remain ap-
proximately localized and spin-momentum locked near the
boundary, even though they are no longer spectrally iso-
lated from the bulk continuum [75,76]. As a consequence,
the protection encoded by the local gap should not be inter-
preted as guaranteeing quantized spin transport, but rather
as guaranteeing the robustness and persistence of bound-
ary resonances against sufficiently small perturbations. In a
large system, this implies that one generically expects finite
boundary transmission mediated by these helical resonances
despite the absence of a complete bulk gap. This behavior
is closely related to the recently demonstrated phenomenon
of chiral edge resonances in a gapless artificial quantum
material, where robust but nonquantized edge conductivity
was experimentally observed despite coupling to bulk pinned
states [58].

Altogether, as opposed to projector-based approaches to
identifying local topology, the spectral localizer is able to di-
agnose the topology over the full parameter space, even when
the spectral gap of the Hamiltonian, a projected spin operator,

or any other relevant operator vanishes (see Appendix C for
further details).

V. FRAGILE TOPOLOGY IN A PHOTONIC
QUASICRYSTAL

Beyond the 2D class AII systems considered previously,
the sparse Pfaffian-sign implementation developed here can
also be applied more broadly to other real-space topological
classifications based on skew-symmetric localizers, including
fragile topological phases. To further demonstrate the advan-
tages of our sparse implementation for large-scale realistic
systems, we now consider the classification of fragile topol-
ogy in a 2D photonic quasicrystal that is C2T -symmetric,
where now T 2 = I refers to bosonic time-reversal symmetry.
In particular, we here consider a quasicrystal where dielec-
tric rods of permittivity ε1 are located at the vertices of an
Ammann-Beenker tiling, and dielectric squares are placed on
the vertices of the Voronoi edges of the tiling, see Fig. 5(a).
Furthermore, the dielectric squares are divided into two dif-
ferent materials that both exhibit the gyro-optical effect, such
that ε2, and ε3 = ε∗

2 . This design is inspired by the periodic
square photonic lattice of rods in Ref. [33], where the dielec-
tric squares are on the vertices of the Voronoi edges of the
square lattice. Altogether, this 2D photonic Ammann-Beenker
quasicrystal is chosen to be C2T -symmetric, but while having
individually broken C2 and T symmetries.
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Fragile topology is characterized by a trivial stable topo-
logical invariant while still lacking a representation in terms
of exponentially localized Wannier functions that respect
all lattice symmetries [77]. In periodic crystalline systems,
fragile topology is typically diagnosed through symmetry-
based band representations, where the symmetry-preserving
Wannier representation of bands is compared against band
representations of localized atomic orbitals [78,79]. A mis-
match thus implies a Wannier obstruction, and this physically
indicates that the Wannier centers cannot be continuously de-
formed into a symmetric atomic limit without either breaking
symmetries or introducing additional trivial bands. However,
in the present case, the Ammann-Beenker quasicrystal lacks
translational symmetry and therefore admits neither a Bril-
louin zone nor symmetry labels at high-symmetry momenta.
Consequently, conventional momentum-space formulations
of fragile topology are inapplicable. Nevertheless, one still
expects the underlying physical signature of fragile topology
to persist in the quasicrystalline setting, namely an obstruction
to forming symmetry-compatible localized states. From the
spectral localizer perspective, this obstruction to trivial atomic
limits can still be captured by matrix homotopy, through a
parity-based invariant ξL

(x0,y0,ω) and its associated local gap
μ(x0,y0,ω) [33], as detailed below.

To classify the topology of the gyro-optic 2D photonic
quasicrystal, we use established methods to first convert
Maxwell’s equations into a Hamiltonian; we first use a
finite-difference discretization to convert the partial differ-
ential equations into a matrix, and then use this matrix
in the spectral localizer framework [33,53]. For the trans-
verse electric (TE) sector of a 2D photonic structure with
nonzero [Hz(x), Ex (x), Ey(x)]�, Maxwell’s equations for
time-independent linear materials can be written as a gener-
alized eigenvalue equation for the frequency ω as⎡⎣ 0 i∂y −i∂x

i∂y 0 0
−i∂x 0 0

⎤⎦⎡⎣Hz(x)
Ex(x)
Ey(x)

⎤⎦
= ω

⎡⎣μzz(x) 0 0
0 εxx(x) εxy(x)
0 εyx(x) εyy(x)

⎤⎦⎡⎣Hz(x)
Ex(x)
Ey(x)

⎤⎦, (21)

with εyx(x) = ε∗
xy(x). Here, we assume that the permittivity ε

and permeability μ are both sufficiently constant and loss-less
over a frequency range of interest, and that we are considering
dielectrics for which ε and μ are both positive. For such cases,
the effective Hamiltonian can be written as

H (x) =
⎡⎣μzz(x) 0 0

0 εxx(x) εxy(x)
0 εyx(x) εyy(x)

⎤⎦− 1
2

×
⎡⎣ 0 i∂y −i∂x

i∂y 0 0
−i∂x 0 0

⎤⎦

×
⎡⎣μzz(x) 0 0

0 εxx(x) εxy(x)
0 εyx(x) εyy(x)

⎤⎦− 1
2

, (22)

where M−1/2 denotes the principal square root of a pos-
itive matrix M. Here, we make use of a finite-difference
approach with perfect electric conductor (PEC) boundary
conditions, which are Dirichlet boundary conditions on the
E field [80,81], to obtain a global H for a full finite sys-
tem. Finite-element methods can also be used to recover
the corresponding Hamiltonian of the photonic system [27],
which typically results in a smaller sparse matrix at the ex-
pense of more nonzero entries. Finally, the spectral localizer
framework can classify fragile topology stemming from C2T
symmetry using

L(x,y,ω)(W XW †,WYW †,W HW †)

= κ (W XW † − xI ) ⊗ σx + κ (WYW † − yI ) ⊗ σz

+ (W HW † − ωI ) ⊗ σy, (23)

such that the parity-based energy-resolved invariant is

ξL
(x0,y0,ω)(X,Y, H )

= sign[Pf(iL(0,0,ω)(W XW †,WYW †,W HW †))], (24)

where the i has been inserted following the discussion at the
end of Sec. III B. Here, W = (1/

√
2)(C2 + iI ) is the unitary

matrix that transforms H to be skew-symmetric while pre-
serving X and Y to be symmetric, and the invariant must be
evaluated at the finite system’s rotational center x = (0, 0), so
that L†

(x,y,ω) = L(x,y,ω) and L�
(0,0,ω) = −L(0,0,ω)

Using Eqs. (23) and (24), alongside Eq. (8), we can
classify the fragile topology of a large 2D photonic quasicrys-
tal based on the Ammann-Beenker tiling (see Fig. 5). As
shown in Fig. 5(b), the fragile phases are identified by the
energy-resolve fragile index ξL

(x0,y0,ω), where the topological
phase transitions between trivial and fragile phases coincide
with vanishing local gaps μ(0,0,ω). These gap closings in-
dicate changes in the matrix homotopy class of the almost
commuting Hamiltonian and position operators, and, in the
fragile phase, reveal a real-space obstruction to deforming
the system into a trivial atomic limit. In contrast to stable
topological phases, however, fragile topology does not gener-
ally obey a conventional bulk-boundary correspondence and
therefore does not necessarily produce robust edge-localized
states that can be directly inferred from the local density of
states (LDOS). Consequently, while the representative spectra
and LDOS profiles shown in Figs. 5(c)–5(f) illustrate the
spatial structure of the photonic states within distinct fragile
frequency windows, they do not, by themselves, provide a
direct diagnostic of the fragile phase. Instead, the identifi-
cation of fragile topology here fundamentally relies on the
parity-based localizer invariant and the associated closing
of the localizer gap, providing a real-space characterization
of fragile topology that remains applicable even in the ab-
sence of translational symmetry and momentum-space band
representations.

Numerically, due to the size of the system and the need to
choose a sufficiently dense discretization, the resulting L(0,0,ω)

has size ≈ (3.2 · 106)-by-(3.2 · 106). Note that L(0,0,ω) is ex-
tremely sparse, but it is not banded; thus, it is not possible
to calculate the Pfaffian of L(0,0,ω) directly using existing ap-
proaches for either dense or sparse-banded matrices [82,83].
Nevertheless, our factorization approach is able to tackle each
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classification problem of a 3 million unknown problem at
a different ω on a standard workstation in 1–2 hours. The
topological phase transitions identified by the energy-resolved
fragile index and the associated vanishing local gaps μ(0,0,ω)

[see Fig. 5(b)], have been independently calculated using a
standard sparse eigenvalue solver, confirming the accuracy of
our pivot and factorization strategy.

VI. DISCUSSION

In this work, we have demonstrated how the spectral
localizer framework enables efficient classification of parity-
based Z2 topology in aperiodic systems, addressing several
long-standing limitations of existing topological classification
approaches. By exploiting the intrinsic skew-symmetric struc-
ture of the spectral localizer due to the system’s underlying
physical symmetries, we showed that topological information
can be extracted from the sign of a Pfaffian without the need to
use spectral projectors, band gaps, or spin-resolved subspaces.
From a physical perspective, this establishes a robust, energy-
and position-resolved notion of topology that remains mean-
ingful even in gapless or inhomogeneous systems, while from
a mathematical standpoint it connects real-space topological
classification directly to homotopy classes of large sparse
operators. The accompanying local gap provided by the spec-
tral localizer plays a dual role, it both quantifies topological
protection and enforces a bulk-boundary correspondence by
guaranteeing the appearance of approximately localized states
where the invariant changes value.

A key technical contribution of this work is the develop-
ment of a scalable numerical algorithm for determining the
sign of the Pfaffian of extremely large sparse skew-symmetric
matrices, which enables the practical application of these
ideas to realistic material models far beyond the reach of
dense linear algebra methods. Our examples of classifying
parity-based topology in quasicrystalline quantum spin Hall
systems and fragile photonic quasicrystals demonstrate the
broad range of utility of the spectral localizer framework and
our sparse sign Pfaffian algorithm. As such, we anticipate
that these methods will be particularly valuable for the sys-
tematic discovery of topological phases in complex material
platforms—such as twisted van der Waals systems and large-
scale photonic or acoustic metamaterials—where translational
symmetry is absent and conventional momentum-space diag-
nostics fail.

Looking forward, the significance of the present work
extends beyond the specific symmetry classes and physical
systems considered here. The spectral localizer framework has
emerged as a powerful and versatile real-space approach for
the classification of topological systems [19–22], where the
central idea is to combine the system Hamiltonian with real-
space position operators into a single Hermitian composite
operator (e.g., the spectral localizer). Through symmetry-
constrained localizer constructions, it provides real-space
formulations of topological invariants rooted in dimensional
reduction and Bott periodicity, allowing topology to be char-
acterized directly from sparse operator representations rather
than Bloch band structures. In this context, conventional 0D
or 1D invariants, such as signatures, determinant signs, or
Pfaffian signs, can be applied directly to the spectral localizer

rather than to the original Hamiltonian itself. As such, many of
these classifications ultimately rely on parity-based invariants
expressed through the sign of a Pfaffian. Examples include
symmetry classes beyond those considered here, such as 1D
class DIII and 3D class CII systems [19].

All the Z and Z2 indices derived from the spectral localizer
rely on a sparse matrix factorization, either LU, LDLT, or the
skew-LDLT discussed here. While these algorithms are not
guaranteed to give a sparse output [84,85], in practice our cal-
culations show that they give reasonably sparse results when
applied to models of physically realizable topological sys-
tems. For such realistic models of systems in 2D and 3D that
are large enough to avoid finite-size effects, one is constrained
to only use sparse matrix methods. Thus it is anticipated
that the sparse factorization methods implemented here will
have applications to the prediction of material properties more
broadly, beyond the computation of the local index.
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APPENDIX A: PFAFFIANS AND HOMOTOPY
OF SKEW-SYMETRIC MATRICES

The matrices of a given size that are Hermitian, skew-
adjoint, and invertible form a set of two connected compo-
nents corresponding to fermionic parity. Kitaev [86] defined
this as the sign of the Pfaffian. From a mathematical point
of view, it is simpler to multiply these matrices by i and so
we consider instead the set of invertible skew-adjoint real
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matrices of size 2n-by-2n. We derive what we need about
Pfaffians along the way.

One component will consist of matrices that can be
connected to

J+ =

⎡⎢⎢⎣
J0

J0
. . .

J0

⎤⎥⎥⎦, (A1)

where J0 = iσy, and the second will consist of those that can
be connected to

J− =

⎡⎢⎢⎣
−J0

J0
. . .

J0

⎤⎥⎥⎦. (A2)

For notation, the space we are interested in we will denote
as

Sk(2n,R) = {X ∈ M2n(R)|X � = −X }. (A3)

We are especially interested in the invertible elements here, so
define

Sk−1(2n,R) = {X ∈ Sk(2n,R)|X −1 exists}. (A4)

Lemma A1. If X in Sk(2n,R) then there is an orthogonal
matrix U with

X = UTU � (A5)

where T is block-diagonal, with blocks[
0 b j

−b j 0

]
.

Moreover, the spectrum of X is {±ib1, · · · ,±ibn}.
Proof. Since X is normal and real, this follows from the

real version of the spectral theorem for normal matrices (theo-
rem 2.5.8 in Ref. [87], for example). For a more explicit proof,
see the Appendix to [22]. �

Theorem A1. If X is in Sk−1(2n,R) then there is a path in
Sk−1(2n,R) from X to either J+ or J−.

Proof. We can modify the factorization in Eq. (A5) by
negating one column of U and one row and one column of
X to flip the sign of det(U ). Thus we can assume det(U ) = 1.
Any orthogonal matrix of determinant one can be connected
to I by a path Ut of unitary matrices. Thus Ut TU �

t is a path of
skew-symmetric real matrices from X to T . We can move the
λ j individually through nonzero real numbers until λ j = ±1.

The skew-symmetric real matrices

W1 =

⎡⎢⎢⎣
0 ∓1

±1 0
0 −1
1 0

⎤⎥⎥⎦,

W2 =

⎡⎢⎢⎣
0 ±1

∓1 0
0 1

−1 0

⎤⎥⎥⎦

can be connected through invertible real skew-symmetric
matrices, specifically⎡⎢⎢⎣

0 ∓ cos θ sin θ

± cos θ 0 sin θ

− sin θ 0 − cos θ

− sin θ cos θ 0

⎤⎥⎥⎦.

Padding this with ones on the diagonal, we can find a homo-
topy from T to a new matrix with two signs flipped on the
superdiagonal. We can do this until the superdiagonal is all
ones except perhaps a −1 in the top-most position.

To finish, we need to show that the matrices J+ and J−
cannot be connected by a path that stays invertible and skew-
symmetric. One way to do this is to find a continuous function
from this space of matrices onto R \ {0}. As the punctured real
line has two connected components, the space Sk−1(2n,R)
must have at least two components as well. The function

det : Sk−1(2n,R) → R \ {0}
is promising, as it is continuous (indeed a polynomial) in the
entries of the input matrix. This approach fails, as Lemma
A1 tells us that the product of all eigenvalues, which equals
the determinant, is always positive for a real, skew-symmetric
matrix.

What we want is a continuous square root of the determi-
nant. One of these is the Pfaffian. We find it using factorization
of polynomials, following similar approaches in Refs. [88,89].

The fact that the Pfaffian is a polynomial in the entries in
the matrix tells us that the Pfaffian is probably no harder to
compute than a determinant. When using the Pfaffian, what
is important is that it varies differentiably with respect to the
input. �

Lemma A2. If T is a tridiagonal skew-symmetric matrix in
M2n(C),

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 t1
−t1 0 t2

−t2 0 t3

−t3 0 . . .
. . .

. . . t2n−1

−t2n−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
then

det(T ) =
(

n∏
j=1

t2 j−1

)2

.

Proof. We expand on the first row, then the first column:

det(T ) = (−t1)(−t1) det

⎡⎢⎢⎢⎣
0 t3

−t3 0 . . .
. . .

. . . t2n−1

−t2n−1 0

⎤⎥⎥⎥⎦.

The result now follows by induction. �
Lemma A3. Suppose A is a skew-symmetric matrix in

Mn(C). There is a matrix C = C(A) whose elements are real
polynomials in the elements of A such that CAC� has zeros
in the first column except in the second row and such that
det(C(A)) is not the zero polynomial.
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Proof. Let’s label the first row and column of A, so

A =

⎡⎢⎢⎢⎢⎢⎢⎣

0 a2 a3 a4 · · · an

−a2 0 ∗ ∗ · · · ∗
−a3 ∗ 0 ∗ · · · ∗
−a4 ∗ ∗ 0

...
...

...
. . .

−an ∗ ∗ ∗

⎤⎥⎥⎥⎥⎥⎥⎦.

Let

C(A) = C =

⎡⎢⎢⎢⎢⎢⎢⎣

1
0 1

−a3 a2

−a4 a3
. . .

. . .

−an an−1

⎤⎥⎥⎥⎥⎥⎥⎦.

We see that CA will have the same first two rows as A but the
first column will be⎡⎢⎢⎢⎢⎢⎢⎣

1
0 1

−a3 a2

−a4 a3
. . .

. . .

−an an−1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

0
−a2

−a3

−a4
...

−an

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

0
−a2

0
0
...

0

⎤⎥⎥⎥⎥⎥⎥⎦.

By symmetry, we see that

CAC� =

⎡⎢⎢⎢⎢⎢⎢⎣

0 a2 0 0 · · · 0
−a2 0 ∗ ∗ · · · ∗

0 ∗ 0 ∗ · · · ∗
0 ∗ ∗ 0
...

...
...

. . .

0 ∗ ∗ ∗

⎤⎥⎥⎥⎥⎥⎥⎦.

Since C is lower-triangular, det(C) will equal a2a3 · · · an. �
Theorem A2. If X is a skew-symmetric real matrix, 2n-by-

2n, then det(X ) equals the square of a real polynomial in the
elements of X .

Proof. Let m = 2n. If we apply Lemma A3 m − 2 times,
we find Cj whose elements are real polynomials in the ele-
ments of X such that det(Cj ) is not the zero polynomial and

Cm−2 · · ·C2C1XC�
1 C�

2 · · ·C�
m−2 (A6)

is tridiagonal. Lemma A2 tells us that the determinant here is
the square of a real polynomial, so we have

det(X )(p(x11, . . . , xmm))2 = (q(x11, . . . , xmm))2, (A7)

where p equals the product of the determinants of the Cj and
q2 is the determinant of the matrix in Eq. (A6). The ring
R[x11, . . . , xmm] of all polynomials in m2 commuting indeter-
minants with real coefficients is a unique factorization domain
(see Ch. 18 of Ref. [90]). Thus the polynomial det(X ) must
factor into a product of squares of irreducible polynomials. It
is therefore the square of a polynomial. �

Corollary A1. The matrices J+ and J− cannot be connected
by a path in Sk−1(2n,R).

Proof. Let p(x11, . . . , xmm) denote a polynomial in the en-
tries of X such that

(p(x11, . . . , xmm ))2 = det(X ). (A8)

We will use the notation p(X ) to mean p(x11, . . . , xmm). Con-
sider first the obvious path

X (t ) =

⎡⎢⎢⎢⎢⎣
tJ

J
J

. . .

J

⎤⎥⎥⎥⎥⎦
so that X (1) = J+ and X (−1) = J−. Of course, this path
becomes singular at t = 0, but all the elements in X (t ) are
polynomials in t . We know

det(X (t )) = t2.

Since p(X (t )) is a polynomial in t we see that p(X (t )) = t
or p(X (t )) = −t . Thus p(X (0)) and p(X (1)) have opposite
signs.

Now suppose Y (t ) ∈ Sk−1(2n,R) is a path from X (0) to
X (1). Since p(Y (0)) and p(Y (1)) are real numbers of opposite
signs, by continuity there is some t0 where p(Y (t0)) = 0.
This means that det(Y (t0)) = 0 and so Y (t0) is singular. This
contradiction proves that no such path exists. �

We have established the following.
Theorem A3. For all n, the set Sk−1(2n,R) of invertible,

real, skew-adjoint 2n-by-2n matrices has two connected com-
ponents: those matrices path connected in Sk−1(2n,R) to J+,
and those path connected to J−.

Let us denote these two connected components as
Sk−1

+ (2n,R) and Sk−1
− (2n,R). There are exactly four choices

for continuous functions p from Sk(2n,R) to R that satisfy
(p(X ))2 = det(X ). They all must send singular matrices to
zero. We can select a sign for

p(X ) = ±
√

det(X ), X ∈ Sk−1
+ (2n,R)

and independently select a sign for

p(X ) = ±
√

det(X ), X ∈ Sk−1
− (2n,R).

If we select the same sign for both, the function p will not be
polynomial. The other two choices are polynomial. We break
the tie by selecting + for matrices in Sk−1

+ (2n,R) and that
polynomial function is known as the Pfaffian.

Definition 1. If X is in Sk(2n,R), then the Pfaffian of X is
defined as follows. If X is in Sk−1

± (2n,R) then

Pf (X ) = ±
√

det(X )

and Pf (X ) = 0 if X is singular. We prove the following,
above.

Theorem A4. If p(X ) is a polynomial function, with integer
coefficients, defined on Sk(2n,R) that satisfies

(p(X ))2 = det(X )

for all X in Sk(2n,R), then either p(X ) = Pf(X ), for all X in
Sk(2n,R) or p(X ) = −Pf(X ) for all X in Sk(2n,R).

Now we derive several established formulas for computing
Pfaffians efficiently via matrix factorization.

Lemma A4. If U is the real orthogonal matrix that swaps
the first two elements in the standard basis of C2n, and leaves
all other elements in this basis fixed, then

Pf(UXU �) = −Pf(X ).
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Proof. Since replacing X by UXU � only moves the ele-
ments of X around, the function

p(X ) = Pf(UXU �)

is again a polynomial. Since

(p(X ))2 = det(UXU �) = det(X )

we know p(X ) = ±Pf(X ). Since UJ+U � = J− we must have
p(X ) = −Pf(X ). �

Theorem A5. If A and X are real 2n-by-2n matrices and X
is skew-symmetric, then

Pf(AXA�) = det(A)Pf(X ).

Proof. If det(A) = 0 then A and AXA� are singular and the
formula is true as it only says 0 = 0.

Next, let’s assume that det(A) is positive. Consider the
function on Sk(2n,R) defined by

p(X ) = Pf(AXA�)/ det(A).

This is some polynomial in x11, . . . , xmm , and we compute

(p(X ))2 = (Pf(AXA�))
2
/(det(A))2

= det(AXA�)/(det(A))2

= (det(A) det(X ) det(A))/(det(A))2

= det(X ).

Therefore either p(X ) = Pf(X ) for all X or p(X ) = −Pf(X )
for all X . Any matrix of positive determinant can be con-
nected to I by a path of matrices of positive determinant.
(This fact follows from the singular value decomposition and
the connectedness of real orthogonal matrices of determinant
one.) Thus AXA� and X are both in the same connected
component of Sk−1(2n,R). Therefore p(X ) = Pf(X ) for all
X , establishing the result in this case.

Now suppose det(A) is negative. Let U be the matrix de-
scribed in Lemma A4. Then UA has positive determinant, so

Pf(AXA�) = Pf(U (UAXA�U )U )

= −Pf(UAX (UA)�)

= − det(UA)Pf(X )

= det(A)Pf(X ).

We never establish a direct or recursive formula for the
Pfaffian. However, we can apply Theorem A5 repeatedly to
compute a Pfaffian by simultaneously doing row and column
operations. More importantly, the sign of the Pfaffian can be
calculated the same way. For the final step, we need to know
the Pfaffian in the tridiagonal case. �

Lemma A5. If T is a tridiagonal skew-symmetric matrix in
M2n(C),

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 t1
−t1 0 t2

−t3 0 t3

−t3 0 . . .
. . .

. . . t2n−1

−t2n−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

then

Pf(T ) =
n∏

j=1

t2 j−1.

Proof. If T is singular, this becomes trivial. Otherwise, it
is just a matter of setting the sign in

Pf(T ) = ±
√

det(T ) = ±
∣∣∣∣∣

n∏
j=1

t2 j−1

∣∣∣∣∣.
By the argument given in the proof of Theorem A1 tells us that
T is in Sk−1

+ (2n,R) if an even number of the t j are negative
and in Sk−1

− (2n,R) otherwise. This pins down the sign. �

APPENDIX B: SPARSITY OF THE SPECTRAL
LOCALIZER AND COMPUTATIONAL SCALING

A key advantage of the spectral localizer framework is
that it preserves the sparsity structure of physically realistic
models. In tight-binding systems, the Hamiltonian H is natu-
rally sparse because each degree of freedom only couples to a
small number of nearby degrees of freedom (e.g., lattice sites
for tight-binding models, mesh nodes for finite-difference dis-
cretization methods). Likewise, the position operators X and
Y are diagonal matrices. Consequently, the spectral localizer
inherits this sparsity structure. In particular, tensoring with
the Pauli matrices only increases the number of nonzero en-
tries by a constant factor, while preserving the locality of the
underlying physical model.

This preservation of sparsity is especially important in
aperiodic, disordered, or gapless systems. Many alterna-
tive approaches to topological classification rely on spectral
projectors onto occupied states. However, projectors are gen-
erally dense operators, even when the original Hamiltonian is
sparse. As a result, projector-based methods rapidly become
computationally prohibitive for large systems, particularly
near small or vanishing spectral gaps where accurately con-
structing the projector becomes increasingly difficult. In
contrast, the spectral localizer framework operates directly
on the sparse physical operators themselves and therefore
remains applicable even when the Hamiltonian lacks a bulk
spectral gap or when auxiliary projected operators become
ill-defined.

The sparse structure of the spectral localizer is illustrated
in Fig. 1 of the main text. Although the skew-symmetric
factorization generally introduces additional nonzero entries,
the matrices encountered in physically realistic topological
systems remain sufficiently sparse in practice for large-scale
sparse factorization methods to remain computationally effi-
cient. This enables the treatment of systems with millions of
degrees of freedom, such as the photonic quasicrystal consid-
ered in Sec. V.

From a computational perspective, sparse matrices are
typically not stored as full dense arrays, but instead as com-
pressed lists of only their nonzero elements together with
indexing information. Consequently, the memory cost scales
approximately with the number of nonzero entries rather than
with the square of the matrix dimension. Physically local
models therefore admit highly memory-efficient representa-
tions, and the spectral localizer can be initialized directly from
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these sparse operator representations without ever forming a
dense matrix.

APPENDIX C: LIMITATION OF PROJECTION-BASED
METHODS FOR LOCAL Z2 TOPOLOGY

Compared to previous approaches to diagnose the local
topology in nonperiodic systems, the spectral localizer is not
dependent on any spectral gaps in the Hamiltonian or pro-
jected operators such as the spin operator.

To illustrate the advantage of the spectral localizer, we con-
sider the Bernevig-Hughes-Zhang (BHZ) [73] model, which
can be defined as two coupled square lattice layers

H =
(

H1 C
C† H∗

1

)
, (C1)

where C = tcI ⊗ σy is the interlayer coupling, acting on the
internal degree of freedom, which can be seen as a spin
coupling, and H1 and H∗

1 are the Hamiltonians associated
to the first and second layers, respectively. In particular, the
Hamiltonian H1 of the first square lattice layer has two internal
degrees of freedom, where each vertex j has a staggered
on-site mass term

H1, j j = uσz, (C2)

and the coupling between the vertices j and k is given by

H1, jk = t1σz + i 1
2�(σx cos(θ jk ) + σy sin(θ jk )), (C3)

with θ jk = 0, π/2, π, 3π/2 the angle of the bond between
the vertex j and k with respect to the (positive) horizontal
axis, t1 and � the couplings between the internal degrees of
freedom. After applying periodic boundary conditions to a
finite-size system such as in Fig. 6(a), the projected operator
over the occupied states is defined as

P = [
ψ1, . . . , ψNocc

]
, (C4)

where ψi are the eigenvectors of the Hamiltonian H associated
with energy Ei below the Hamiltonian’s spectral gap, say at
E , namely, Hψi = Eiψi such that Ei < E . The projected spin
operator is then written

Pz = PσzP, (C5)

where σz (the z-Pauli matrix) is the spin operator (in units of
h̄/2).

For small enough spin couplings tc, there is a spectral gap
for the projected spin operator Pz, namely, the spin sectors
remain well-defined with values around −1 and 1, as shown
in Fig. 6(d). However, as the spin-mixing becomes stronger,
the spin sectors start to merge, resulting in the closing of
the spectrum of Pz. As such, a Z2 invariant based on spin
projectors or quantities derived from these projectors such
as spin Chern numbers (e.g., the spin Bott index [46,47]),
is not well-defined in this regime and cannot be used to
probe the system’s topology. Yet, the spectral localizer does
not assume any spectral gaps but for the spectral localizer
itself L(x,E )(X,Y, H ), allowing it to probe material topology in
regimes where the spectral gap in the Hamiltonian H or in the
projected spin operator Pz closes, as demonstrated in Fig. 6(b).

FIG. 6. Spectral gaps for local Z2-topology. (a) Square lattice for
the Bernevig-Hughes-Zhang (BHZ) model, with parameters t = 1,
u = −1.2t1, t1 = 0.5t , and � = t1. (b) Spectrum of the spectral lo-
calizer Spec(L(x0,y0,E0 ) ) against the interlayer couplings tc, and the
associated local Z2-topological invariant ξL

(x0,y0,E0 ) at the center of
the lattice (x0, y0 ) and energy E0 = 0. [(c) and (d)] Spectrum of
the system’s Hamiltonian Spec(H ) and the projected spin operator
Spec(Pz ) against interlayer couplings tc. The orange dotted-dashed
and dashed vertical lines correspond to the spectral gap closing of
the H and Pz.

Altogether, compared to the spectral localizer, projector-based
approaches to local topology are not able to classify material
topology over the full parameter space, as the spectral gap of
the relevant operator might close.

APPENDIX D: CHERN TOPOLOGY IN A QUASICRYSTAL

Here, we demonstrate the nontrivial Chern topology for the
single quasicrystalline layer considered in the main text, given
by the Hamiltonian H1 [Eqs. (18) and (19)].

To diagnose the Chern topology in a two-dimensional
(class A) system, the spectral localizer combines the system’s
Hamiltonian H1 along with the system’s position operators X

FIG. 7. Chern topology in quasicrystalline system. (a) Penrose
tiling where the solid cyan lines represent the couplings between
the internal degree of freedom on the vertices of the tiling, with
parameters t = 1, u = 2t , t1 = 2t , and � = 2t . (b) Spectrum of the
spectral localizer Spec(L(x,y0,E0 ) ) along the solid green line and at
energy E0 = 0, and the associated local Chern-topological invariant
CL

(x,y0,E0 ).
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and Y as follows [19]:

L(x,E )(X,Y, H1)

=
(

(H − EI ) κ (X − xI ) − iκ (Y − yI )
κ (X − xI ) + iκ (Y − yI ) −(H − EI )

)
,

(D1)

where I is the identity matrix, and the associated local
topological marker at specific spatial location x = (x, y) and

energy E is given by the local Chern number

CL
(x,E )(X,Y, H1) = 1

2 sig[L̃(x,E )(X,Y, H1)] ∈ Z, (D2)

with sig the signature spectral localizer. Specifically,
CL

(x,y,E ) �= 0 results in the case where the X,Y, H matrices
cannot be modified to be commuting, meaning the system is
in the nontrivial topological phase locally at (x, y, E ).

Figure 7(b) plots the spectral flow of the spectral localizer
along the position x, thus demonstrating that the model used
for the quasicrystal layer H1 Eqs. (18) and (19) has topological
nontrivial Chern topology.
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