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Supplementary Text
S1. Design and fabrication details

To design the TPCF structure, we begin with a wedge of opening angle 7/3 extracted from the
periodic TCI structure (Fig. S1A). This has circular air holes of alternating radii 0.57d and 0.354,
where d is the center-to-center distance between neighbouring holes. We deform this into a 27/5
wedge by scaling each site’s azimuthal coordinate by 6/5 (Fig. S1B). Copying this wedge to the
remaining lattice sectors yields the structure of Fig. 1A, featuring a disclination of Frank angle
-r/3.

Next we make small adjustments to the site positions, with the aim of improving the overall
spatial uniformity of the PCF structure. This is achieved with the aid of a molecular dynamics
(LAMMPS (55)) simulation, which moves a set of “atoms” centered at the site positions while
also gradually enlarging their radii, subject to the fixed boundaries of the wedge (56). This yields
a jam-packed configuration (Fig. S1C), in which the atomic radii (R} = 0.65d and R} = 0.43d)
correspond to the outer surfaces of the glass capillaries we aim to use in the fiber preform (see
below). Finally, we define the air holes by downscaling the radii to R’1 = 0.49d and R; = 0.334d,
corresponding to the inner surfaces of the capillaries. The resulting structure (Fig. S1D) corresponds
to the arrangement shown in the inset of Fig. 1C.

To fabricate the fiber, we draw glass tubes of outer (inner) diameter 25 mm (19 mm) into

two sets of smaller tubes, or capillaries. After adjusting the drawing conditions (temperature,

vacuum pressure, etc.), we obtain capillaries with outer diameters R’ = 3.33 mm (11 pieces) and
1

R’2 = 2.18 mm (20 pieces), close to the ideal ratio described above. Additional glass tubes of outer

(inner) diameter 10 mm (3 mm), composed of the same silica material as the capillaries, are drawn
into solid rods with collapsed inner air holes and outer diameters of 1.095 mm (5 pieces), 0.702
mm (20 pieces), 1.619 mm (15 pieces), and 1.905 mm (10 pieces). The capillaries and rods are
stacked in a jacket of outer (inner) diameter 25 mm (19 mm) according to the arrangment in the
inset of Fig. 1C, with the rods filling the major gaps between the capillaries. The preform is drawn
into a preform cane of diameter 4.7 mm (Fig. 1D), which is in turn drawn into the TPCF in a fiber

drawing tower.

The drawing process introduces deformations to the dielectric structure. From a scanning
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Figure S1: Lattice design. (A) Wedge with opening angle 7/3, extracted from a triangular lattice
with nearest neighbor center-to-center spacing d. The discs (air holes) have alternating radii of
0.57d and 0.35d. (B) Wedge with opening angle 27/5, generated from (A) by uniformly scaling
the azimuthal coordinates of the site centers. This corresponds to the structure shown in Fig. 1A.
(C) Wedge generated from (B) by gradually enlarging the disc radii and adjusting their positions,
with boundaries fixed, until they are jam-packed. (D) Structure generated from (C) by assigning
inner air holes of radius R} = 0.49d and R}, = 0.33d to the discs. This corresponds to the target
stacking arrangement shown in Fig. 1C. (E) Comparison between the preform hole profile based on
(D) (black lines), and the measured hole profile of the fabricated TPCF (pink lines). The air holes
radii are slightly enlarged to Ry = 0.55d and R, = 0.36d. (F and G) Calculated eigenfrequencies
at k,d/2m = 2 for the measured hole profile (F) and the preform hole profile (G). Red (blue) data
points correspond to GTDMs with radial (azimuthal) polarization, while gray data points are bulk
states. The pink-shaded region indicates the bulk band. (H) Scanning electron microscope image of
the fiber cross section. The small black specks correspond to non-filled interstitial air holes, which

can be seen to mostly occur in the out-of-core region.



electron microscope image of the fiber end face (Fig. 1D), we find that the holes become non-
circular, but their positions are relatively unaffected (Fig. S1E). The air hole radii are also slightly
enlarged to R; = 0.55d and R, = 0.36d, which are the values used in the preform hole profile for
numerical simulations (see below). From numerical calculations of the eigenmodes (see below),
we find that the deformations induce small shifts in the frequencies of the GTDMs and bulk states,
but do not alter the qualitative features of the spectrum (Fig. S1F and G). We also observe that
some of the interstitial air holes fail to be completely filled-in, resulting in some small holes that
are mainly concentrated in the out-of-core areas (Fig. S1H); we expect that these imperfections can
be eliminated in the future by optimizing the drawing conditions, but they are in any case unlikely
to influence the GTDMSs, which are localized near the core.

We use the TPCF’s measured hole profile (i.e., the black lines in Fig. S1E) for most of our
numerical calculations, including the band diagram (Fig. 2A), various GTDM properties (Fig. 2B—
D), bending performance calculation (Fig. 3G) and 2D spectral localizer calculations (Fig. S4). The
exception is the spectral charge calculation (Fig. 2F), which uses the preform hole profile, and the
1D spectral localizer calculations (Fig. 2G and Fig. S3B), which use the preform hole profile with
a mirror symmetry-breaking perturbation (see below).

The conventional solid-core PCF is fabricated via the same stack-and-draw process, using a
single set of glass tubes with outer (inner) radius 20 mm (16 mm) drawn into capillaries of outer
diameter 2.28 mm (36 pieces). A single solid rod of 2.28 mm is used for the core. The hexagonal
preform is supported in the cylindrical jacket by solid rods of outer diameter 0.61 mm (6 pieces),

0.75 mm (30 pieces) and 0.97 mm (12 pieces).

S2. Calculating photonic eigenmodes and band diagrams

An optical fiber is translationally symmetric in the axial (z) direction. For a given axial wavenumber
(k;), the electromagnetic eigenmodes can be determined by solving Maxwell’s equations in the 2D
(x-y) plane. In this work, we perform the calculations numerically via the finite-element method
(FEM) simulation software COMSOL Multiphysics, solving the full vectorial form of Maxwell’s
equations with no additional approximations apart from the discretization of space. The principal
input to this calculation is the real-valued dielectric profile €(r), where r = (x, y) is the position in

the 2D plane. We model the structure’s high-index (silica) and low-index (air) regions with € = 2.1

S4



and € = 1 respectively.

Each calculated eigenmode u has some angular frequency w,, and electric field profile

E,(r) = (r|u), )

which is a complex 3-vector-valued field defined in the 2D space; from this, the full physical
electric field is given by Re [E#(r) exp(ikzz)]. Both w, and E,(r) depend implicitly on k. The

inner product between two normalized eigenmodes is defined as (/0)

) = [ & ) B 0) - By (o). (s2)

If the boundary conditions are Hermitian (e.g., Dirichlet or periodic boundary conditions), Maxwell’s
equations consitute a Hermitian generalized eigenproblem, so the orthogonality relation (u|v) = ¢,
holds (10).

When simulating the spatially finite TPCF structure, our choice of boundary conditions depends
on the circumstances. For the spectral localizer (Fig. 2G and Fig. S3B) and finding the spectral
charges (Fig. 2F), it is important that the eigenproblem be Hermitian, so we apply perfect elec-
tric conductor (PEC) boundary counditions to the system’s exterior boundary. In all other cases,
including calculations of the mode profiles (Fig. 1E and Fig. 2B), dispersion relations (Fig. 2A)
and the 2D localizer calculations (Fig. S4), we apply impedance boundary conditions, which are
equivalent to an infinite external medium of € = 2.1. Since light can leak out of the fiber and escape
to infinity, the eigenfrequencies become complex; the real parts are used in the dispersion relations
(Fig. 2A), and the imaginary parts are used to determine Q factors (Fig. 2C and Fig. 3G). From the

field distributions, we can also extract the effective mode areas (Fig. 2D), which are defined as (3)

2
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where the eigenmode E,, (r) has been normalized using the inner product Eq. (S2).

A=

, (83)

When modeling the effects of bending the fiber (Fig. 3G and Fig. S4), we perform a conformal
transformation on the refractive index profile (62). The modified refractive index (the square root

of the dielectric constant) is

w6, y) =nny) (1-%), (S4)



where n(x, y) is the refractive index distribution for the straight fiber with R as the bending radius.
The ideal preform hole profile (Fig. S1E) with such index modulation is used for the spectral
localizer calculations presented in Fig. 2G and Fig. S3B. We use the measured hole profile, which
lacks a mirror symmetry, for the additional spectral localizer analysis based on local gap profiles in
Fig. S4.

When analysing the underlying photonic crystal structure (Fig. 1B), which is spatially infinite

and periodic in the x-y plane, we impose Bloch’s theorem by writing
Ex(r) = ux(r) 7, (S5)

where Kk is a 2D wave-vector (quasimomentum) and »n is a band index. Such eigenfunctions are
calculated numerically using a single unit cell with Floquet-Bloch boundary conditions. The eigen-

problem is Hermitian, with inner products between Bloch states given by

(n,k|n’ Ky = / d*r €(r) u}  (r) - uy (1), (S6)

where the integral is taken over a single unit cell.

S3. Wannier centers and spectral charge

Like other TClIs, the Cs-symmetric precursor structure for our TPCF can be topologically charac-
terized using symmetry indicators. In this section, we will explain the procedure, which largely
follows earlier studies (78, 19, 21). It is worth noting that these methods are applicable even though
the photonic structure we are considering is not based on a tight-binding model.

Given a set of bands that are well-defined (i.e., not overlapping with any other bands), one
defines #HE,P) as the number of bands at a high-symmetry momentum point IT € {I", M, K} that has

the C,, rotation eigenvalue e'27(P~1D/P

(p =1,...,P). We can then calculate the topological index
(ens xk), where yw = #M7 —#T'% and v = #K Y —#1Y (18).

From their Bloch function phase profiles, the topological index of bands #(1, 2, 3) is calculated
by first calculating the H;,”) index for each individual band and then summing these indices across

all three bands (see Fig. S2A),
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Figure S2: Wilson loop and spectral charge calculations. (A) Phase profiles of the out-of-plane
electric field (E) for the six Bloch states marked in Fig. 2E at high-symmetry momentum points.
The symmetry indicators of bulk bands #(1, 2, 3) are labeled on the right. (B) Lowest five bands
for the periodic photonic structure with trivial crystalline topology, calculated from the unit cell in
Fig. 1B (lower plot). (C) Phase profiles of the out-of-plane electric field (E;) for the Bloch states
#(1, 2, 3) in the trivial structure of (B) at high-symmetry momentum points. (D) Berry phases of the
Wilson loop operator at different initial k for the trivial bulk bands #(1, 2, 3). Inset: the schematic
of the Wilson loop. The base point lies along the path I' — I”, and the Wilson loop follows the
dashed line running parallel to I'-I""”. (E) Left panel: calculated eigenfrequencies for the trivial
PCF structure, based on Fig. 2F but with large and small air holes switched. Inset: schematic of
the lattice, composed of 30 intact unit cells and a central defect. Right panel: calculated spectral
charges (black numbers) for the schematic structure in the left panel. In (A-E), the eigenmodes are
calculated at k,d/2n = 2. The spectral charge calculations are performed using symmetric preform

hole profiles.



#'? =0(0), #% =1(1)
) (3) (57)
P =202) #P=1().

The index of bands #(4, 5, 6) can be calculated in a similar way, and both sets of bands have index
(xm> xx) = (2,0). The indicators of topological trivial case can be calculated from Fig. S2B and
C, with a trivial index of (ya, xx) = (0,0).

The topological bulk-defect correspondence in such TClIs states that the symmetry indicators
are related to defect charges of (19, 21)

3

Q
Quis = o (_XM _XK) mod 1, (S8)
a\2

where Q = —n/3 is the Frank angle of the disclination. Applying this to our TCI, the two sets of
bands, #(1, 2, 3) and #(4, 5, 6), are each predicted to produce fractional charge Qgis = 1/2 (mod 1).

To verify the correspondence, we explicitly calculate the spectral charges. Even though there are
two half-charges, we can distinguish them by exploiting the polarization structure of the GTDMs.
For each polarization (radial or azimuthal), we pick out the five GTDMs and calculate

Z / d2r €(r)

ueGTDMs ¥ S

2 (S9)

E,(r)

where S is one of the five unit cells surrounding the core unit cell.

To determine the Wannier centers of the photonic TCI (Fig. 1B), we use the Wilson loop
approach (57,58). Given a set of degenerate bands and a path k +/ < k passing across the

Brillouin zone, we discretise the path into steps separated by Ak and calculate

Wk+l(—k — Gk+l—Ak Gk+l—2Ak . Gk+Ak Gk (SIO)

Gr = (m,k|n, (k+AK)), (S11)

where m, n are band indices and Eq. (S11) uses the inner product defined in Eq. (S6). To construct
the path of the Wilson loop, we first consider a rhombus with corners at four adjacent I" points in
the extended Brillouin zone (inset of Fig. S2D). The initial k-point (or “base point”) is swept along
the path ' - M — I”, with the Wilson loop path taken parallel to the line I' — I'"”.

The eigenvalue spectrum of the W operator is adiabatically deformable to a set of centers of

localized Wannier functions in real space. As established in previous works (58-60), topologically



nontrivial TCIs have nonzero values of the Berry phase Im {log [det (Wy4+;—x)]} (Fig. 2E), cor-
responding to the Wannier centers not being located at the center of the unit cell. In contrast, the
Berry phase of trivial TCI remains close to zero, as shown in Fig. S2D.

The calculation of spectral charge for the topological trivial case (Fig. S2E) is similar but the
summation is done for all the 90 bulk states below the bandgap, which are contributed from the

lowest three bulk bands, i.e., band #(1,2,3) in Fig. S2B, of all the 30 intact unit cells.

S4. Symmetry-reduced spectral localizer

The calculations in the previous section strongly indicate that the TPCF should host topological
disclination states, but there are some limitations in the argument. First, those characterization
frameworks refer to an underlying periodic bulk TCI, yet the symmetries on which the TCI relies
are broken by the disclination and the various aforementioned deformations in the TPCF. Second, in
a lattice exhibiting charge fractionalization, it is sometimes possible for a strong lattice disturbance,
like the core of a disclination, to remove the topological states expected to accompany the fraction-
alization (20). Finally, even if the lattice hosts topological disclination states, a given disclination
state can still be accidental, i.e., non-topological. To resolve these doubts, we turn to the spectral
localizer framework (4/—44), which provides a way to directly establish that the disclination states
in the TPCF are topological in origin as well as robust.

For a system with a single relevant position operator Y., the spectral localizer characterizes
the local topology at frequency w and position y by combining Y, and the system’s Hamiltonian

H.f(w) into

0 Hff, (w)_iK(Yc_ylc)
L(y.w)(Ye, Hefre) = . o : (812)
Heff,c(w) +ik (Ye = yl,) 0

where « is a scaling coeflicient used to make the units consistent and to balance the spectral weight
between Y. and Heg.. The notation here follows Ref. (46). Both Y. and H.f . are numerically
extracted from the discretized master equations in the FEM eigenfrequency solver—the same
solver used all in our other numerical calculations. In particular, Heg - is a matrix-valued function
of the frequency w, meaning the photonic eigenmodes correspond to eigenvectors of Heg(w) with

zero eigenvalue (46).



The TPCF structure possesses a mirror symmetry M, : y — —y, which satisfies My2 =1,
Heg My = MyHef,. and Y .M, = —M,Y,.. Using this symmetry, the reduced spectral localizer can
be constructed as

M .
Ly (Ye, Herc) = [Heff,c(w) + lKYc]My- (S13)

Topological defect modes can then be characterized by a local marker defined as
M L. 1. m,
L6 (Yo, Herre) = 5sig |L0) (Ver Here) | (S14)

where sig|- - - ] denotes the signature (i.e., the difference between the total number of positive and
negative eigenvalues). Note that Eq. (S13) is Hermitian, so its signature is well-defined.

The key idea is to use the local index (S14) to classify the topology of the system, in terms
of what kind of atomic limit it is continuable to, at each frequency w and subject to the specified
symmetry M,. For example, in a periodic lattice, one atomic limit would correspond to Wannier
centers located at the center of the unit cell, while an obstructed atomic limit would correspond to
Wannier centers located at the edges or corners of the unit cell.

If the value of gjf’ ” changes at a frequency w, that implies that the modes at that frequency
have non-trivial topology (43). Such a change happens when an eigenvalue of the spectral localizer
crosses zero. Therefore, the local marker is also associated with a local measure of topological

robustness via a “local gap”,

,ua)(Yc, Heff,c) = min ’ (815)

spec [Laﬂjly (YC’ Heff,c)]

where spec|- - - | denotes the spectrum of the matrix.

We apply the spectral localizer directly on the finite element represention of the TPCF’s photonic
structure (see Section S3). When doing this, there are two important subtleties to handle. The first
involves the boundary conditions encoded into the FEM matrices. The subscript ¢ in Heg, Yo
and 1, refers to “eliminated matrices”’, which have undergone a procedure whereby all degrees of
freedom involved in the boundary conditions are removed (46). This projection is realized using
matrices denoted by “Nullf” and “Null”, composed of basis vectors spanning the null space of
the constraint force Jacobian matrix and the constraint Jacobian matrix, respectively: specifically,
Heg = Nullf” H.gNull, Y, = Nullf’ YNull and 1, = Nullf’ Null, where H.g and Y are matrices

retrieved directly from the FEM (including boundary degrees of freedom).



The next subtlety involves the mirror symmetry. Even if the structure and the mesh are both
symmetric with respect to My, the discretized FEM master equations may not yield a (non-
eliminated) effective Hamiltonian H.y commuting with M,. This can be problematic since, as
explained above, the local marker assumes mirror symmetry, which is necessary to guarantee the
Hermiticity of Eq. (S13). To bypass this difficulty, we decompose Heg into even and odd subspaces
with respect to M,,

Heg = . (S16)

0  He-
The sub-Hamiltonians Heg+ and Heg - are obtained from the FEM solver by applying symmet-
ric/antisymmetric boundary conditions to the mirror line. In a similar way, we decompose the Nullf

and Null matrices. In this basis, the mirror symmetry matrix reads

1, O
M, = , (S17)
0 -1_
where 1. are identity matrices of the same size as Hg .. Finally, as the position operator Y

anticommutes with M, we can write it as

Y = : (S18)

where Y, and Y_ are diagonal matrices constructed from the y coordinates of the symmetric and
antisymmetric reduced systems.

We calculate the spectral localizer for a structure based on the ideal TPCF preform hole
profile (Fig. S1E), which is mirror symmetric with respect to the x axis. To aid the analysis,
a mirror-symmetric refractive index perturbation is introduced to break the degeneracy between
the doublet states among the GTDMs; we opt for a perturbation consistent with fiber bending
(Eq. (S4)). In Fig. 2G and Fig. S3, we use a bending radius of R = 1.5 cm, along with y = 0
and k = ko [10‘4||Heﬁr,c(w0)||/||Yc||]. The local gap is normalized by 107#||Heg . (wo)||, where
|| ---|| is the spectral norm (i.e., largest singular value). Moreover, Fig. 2G uses ko = 0.01 and

wo = 1.5(2n¢/d), while Fig. S3 uses xo = 0.1 and wy = 20.73(27c/d).
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Figure S3: Spectral localizer results for bent fiber. (A) Calculated intensity profiles (normalized
power flow in z) for a pair of radially and azimuthally polarized GTDMs. Polarization directions
are indicated by cyan arrows. (B) Eigenmode spectrum (left panel), local index £5 (center panel)
and local gap u,, (right panel) from spectral localizer calculations. In these calculations, we use

k.d/2n = 30 and bending radius R = 1.5 cm.

SS. 2D localizer for bending analysis

The spectral localizer can also quantify how robust the GTDMs are to perturbations that do not obey

the previously-assumed mirror symmetry. To accomplish this, we employ the 2D localizer (47, 61)

Heg o (w k (X, —x1.) —ik (Y, —yl
Lx,y,w(Xc, Yc,Heff,c) _ e ,c(. ) (X, L)T (Yo —y1,) . (S19)
K (Xe —x1e) +ik (Ye — y1e) _Heﬂ?’c(w)
Unlike the 1D localizer in Eq. (S13), this can probe 2D positions (x, y) without assuming the
structure to be mirror symmetric or the system’s Hamiltonian to be Hermitian. We do not use this

to formulate a local index, instead focusing on the local gap measure (also called a “linear local

gap”) (47),

,ux,y,w(Xc’ Y., Heff,c) = min |Re (SPCC [Lx,y,a)(Xc, Y., Heﬂ,c))] | > (520)

where spec|- - - | denotes the spectrum of the matrix. The condition p, ., ~ 0 is associated
with the existence of a localized state near (x, y) at frequency w.
We can now determine whether these zeros remain at these positions, or move away, when the

ideal fiber structure is perturbed (such as through bending).
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Figure S4: Characterization of GTDM robustness by local gap. (A) Local gap ,. .., calculated
at k,d/2n = 30 and wo = 20.72(2nc/d) for the measured hole profile, consisting of the structure
of Fig. S1E rotated counter-clockwise by 90°. The five zeros of u, y ., near the disclination core
(red crosses) correspond to the GTDMs, previously identified as topological states via jumps in
a local index (Fig. 2G). (B and C), Local gaps calculated at the same &, and wq for structures
deformed by bending the fiber along x with bending radius R = 4cm (B) and R = 1cm (C).
(D—F), Local gaps calculated at bending radius of R = 4 cm, but from the measured hole profile
rotated counter-clockwise by 30° (D), 50° (E) and 70° (F). This bending spoils the mirror symmetry

previously assumed in the symmetry-reduced spectral localizer analysis.



We first consider the measured hole profile (see Fig. S1E) and show the corresponding fiy y .,
in Fig. S4A. We indeed observe zeros of u, . at the locations of the GTDMs (here we take
k.d/2rx = 30, for which the GTDMs are near-degenerate), confirming the robustness of fiber
design against fabrication distortions (45). In addition to taking into account the measured hole
profile, we plot in Fig. S4B and C the local gap u, ., for the perturbed structures corresponding to
bending the fiber in the x-axis, with bending radii of 4 cm and 1 cm respectively. The fiber structure
is obtained by rotating the measured hole profile by 90° (counter-clockwise direction). The bending
along the x-axis is simulated using a conformal transformation on the refractive index (in both
dielectric and air) given Eq. (S4). When the bending becomes too large, e.g. for a bending radii of
1 cm in Fig. S4C, the zeros of py y , associated with the GTDMs starts to merges with each others
or with the bulk modes, indicating the break down of the GTDMs.

Bendings along arbitrarily axis are also considered by first rotating the measured hole profile
with different angles and then applying a bending along the x-axis. Figures S4D and F show gy .,
for the fiber rotated, respectively, by 30°, 50° and 70°, all for a given bending radius of 4 cm.
Altogether, the zeros of py y , associated with the GTDMs remain nearly unchanged around the

fiber core, demonstrating the robustness of the GTDMs against fiber bending (45).
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