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Outline () S
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A An operator -based approach to topological physics
A Uses a fr ame wospéctratlecdliteejd t he 3

A Emergence of Ho f s t abaitenfly\ s

A ldentifying fragile topology

A Classifying topology in non -linear systems
A Topological dynamics

AApplication directly to Maxwell As eql

A Incorporating radiative boundaries



Why make photonics topological? (h) s,

Topological lasers

U Robust against disorder
u Efficient phase locking

v

-]
-

Compressed
. -€@-
Bandreset al., Science359, 1231 (2018) e Undeformed
Harari et al., Science359, eaar4003 (2018) ]

wn
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Energy [meV]
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Bahari et al., Science358, 636 (2017) Dikopoltsev et al., Science373, 1514 (2021)



Why make photonics topological? () S
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a Device 2 b Device 3

Device 4

Routing of quantum information
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(b) (c)

Mittal et al., Nature 561, 502 (2018)

i
Topological spin up g Topological superposition Imperfect device

. w2

Topological spin down Bulk mode

Experiment
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Transmission / dB
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Why make photonics topological?

Creating cavities for light  -matter interaction

1000 r 075
‘—
. 0.70
R Topological | ] s , il
III+IIIIII 2 ~ 065 "...'..v.
) | '+“"§ E 0.60 o '.dé
3 - 3 X TERLN = W g -.”\
SESEEEEEESS SIIlililifgmesciiiiics A
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OO IO = Zhang et al., Light Sci Appl. 9, 109 (2020)
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Ota et al.,, Optica 6, 786 (2019)
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corner
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Smirnova et al., Phys. Rev. Lett., 123, 103901 (2019)
Kruk et al., NanolLett. 21, 4592 (2021) 6



Challenges with invariants () S

Laboratories

Where band theory can be applied, band theory is awesome.

Where is band theory not applicable (or not useful)?

1) Material lacks translational symmetry
A Quasicrystals
A Amorphous materials
A Disorder
A Finite size effects

2) Heterostructure lacks a complete or incomplete band gap
U Band theory is applicable, but¥
U Not always clear how to calculate the invariant
U No measure of protection

3) Systemis non -linear
A Localized response breaks translational symmetry
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Challenges with invariants in photonics ()

WeAd | i ke na@Gemhot oni c

iInsulators Related challenge: photonic crystal slabs
U Non-reciprocal edge states and metasurfaces radiate out -of-plane

. 0.50
ButY¥Y itAs hardeversal br e 2.2—
symmetry

>
AN

220 ‘ e,

Vanishing bandgap
(42 pm)

200

180

Frequency (T} z)

160

Z 0'301_\ ‘/II R A ) F

= Can resonances and bound states be

5 . r
Can t0P0|_09'Ca| phenomena still mixed in formula for topological
manifest without a complete band invariants?
gap?
U Chiral edge resonance? O = @ gl QI



Challenges with invariants in photonics (M)
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No current theory for finite systems

Or how close can two chiral edge states be in
How close can two topological cavities a topological Chern system?

be, while maintaining protection?

) Estimate:
1550 — 'Q B
Wavelengh () Decay length 0 set by
band gap width 3O
Kim et al., Nat. Commun. 11, Is there a local measure of

topological protection?



Photonic non -linearities are local

“l(e) ™
. vd ¥
Peak ) dn 4
Tntensity RN
] Il
| Inv. part. ;
no. {a.a) T ‘Il |
| L

0 1 2 3 4 5 6 4100

and Rechtsman, Science368, 856 (2020)

‘ Can a topological invariant be
Lumer et al., Phys. Rev. Lett. 111, . .
243905 (2013) defined without a bulk?

a Linear b Pumped c
0 -200 -100 O 100 200 -18 -9 0 9 18 -18 -9

G
Filtered Imaged

1450 ':_)uJ
Wavelength (

%%

Flower et al., Science384, 1356 (2024)
10

0z/27
Qz/2n
Qz/2n

3 3 !
-200 -100 O 100 200 -18 -9 0 9 18 -18 -9 O 9 18

Waveguide number Waveguide number Waveguide number

Jurgensen et al., Nature 596, 63 (2021) L
Jurgensen et al., Nat. Phys. 19, 420 (2023) Maczewskyet al., Science370, 701 (2020)
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Local real-space approaches to material topology (i) i

®° o0 o0 o0 o0 o0 o

o] o° o0 o0 o0 o0 [
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o D ¢ X .
.
I (O o (] ()~ o0 ”3 0‘ ¢ ' 0 ¢ \v- , Kltaev .
> o [ 4 0 o

@) pctQ (000

Ca
Ca
C-
~—

SIS Kitaey, Ann. Phys. 321, 2 (2006)

‘‘‘‘‘‘‘‘‘‘‘‘ 0000006 Mitchell et al., Nat. Phys. 14, 380 (2018)

........
vvvvvvvv

Projectors are difficult to calculate
for real systems

S | :

Soa- Neither framework has a local

W measure of topological protection. e
s &) o "hlean "l | Qlee
2 0.2

P¥o/R = 3.125 ay/R = 2.9 w(INle O (IR )w V(1 K1) Qleeae
K r MK r M
Wu and Hu, Phys. Rev. Lett. 114, 223901 (2015) Bianco and Resta, Phys. Rev. B84, 241106(R) (2011) 11

Kruk et al., Nano Lett. 21, 4592 (2021)




Implications of topology on the Wannier basis () s
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Systems with non -trivial Chern numbers DO NOT possess a complete localized Wannier basis.

c.n—--a‘»—--a‘n

. P o 1061, .. Jab et gt
0 C_ Gb TTQ)QI Tt : :

This is an if and only if statement

0 No complete localized Wannier basis necessitates a non -trivial Chern number.

: : Brouder et al., Phys.Rev Lett.
This generalizes to many other classes of topology 08, 046402 (2007)
Example: No localized Wannier basis that respects time -reversal symmetry Soluyanovand Vanderbilt,

- . ) . Phys. Rev B 83, 035108 (2011)
non -trivial Kane -Mele invariant (Quantum spin Hall) 12



Topol ogWwannéeszahllity j M (&0

Band gap stays open

Unstead of an invariant, 3DoeWanrtiehteasiy%’?égmrrrhetIe%aresprege?veda

Initial lattice Atomic limit

t L

Can a lattice . : be continued to without violating?
b boriitr S
H. .".'H".'H — : .
SRR o 0 o If yes
: P P : -’ u Trivial
(1) (2i1,0:) same coordinates

If no
U Topological

Un ot her words, 3Can t he atsnjcdimit?m be permuted t o an

(and if multiple inequivalent limits exist, which one?) Kitaev, AIP Conference Proceedings1134, 22 (2009)
Hastings and Loring, Ann. Phys. 326 1699 (2011)

.. . . Taherinejad et al., Phys.Rev B 89, 115102 (2014)

ucCan answer using a lattice. Kruthoff et al., Phys.Rev X 7, 041069 (2017)

Po et al., Nat. Commun. 8, 50 (2017)
U Topological guantum chemistry

Bradlyn et al., Nature 547, 298 (2017) 13



Topology as an atomic limit () S

Laboratories

A iand | gap, stays gpen

Unstead of an i nvariant, JCaatomiclmiE? g y;s e’ pe Htec
R Symetriés-are Préserie
Initial lattice Atomic limit
t/
Can a lattice | be continued to without violating?
3: : I'""""l : : Fe=====- 1
H--I.-H.-I--H — oo . 0 ! o If yeS
T = 0 Trivial
(z,y;) ( -¢+1:yx) same coordinates
_ _ ~ If no
wo—ty iy . .. :
e oy U Topological
_ —t &ty _ —t’ €
H— —t3 —tQ £ _tl Ha' o EJ _t,
—t —t —t —t' & . . .
Can the S . ° _ | without violating
; —ly Tl be continued to L o .
operators similar restrictions?
- _ - _
Tiq ]
Cw 1 z; ["d AT )] T v _ !
Tit1 ¢ Tit1
Lo T




Topology from operators

Unstead of an i nvariant, JCaatomclhm#? pystem be per mut ec

JCan the systemAs oper admuatieg?he per muted t o be

Theorem: Two invertible, Hermitian matrices 0 and 0 @an be connected by a path of invertible
Hermitian matrices ifand only if O EOG O KEIQ
A O EOCis signature, the number of positive eigenvalues minus the number of negative ones.

A A .
4 . 4 . These matrices
. - These matrices . cannot
can be so = I_
0 --I- ------------- I-- -+----“‘.-'K“ -
. 2 connected . k = _ Connecting
" | " 3 matrix becomes
\ 4 \ 4 v \ 4 non -invertible
Spectrum of 0 Spectrum of 0 ae Spectrum of 0 Spectrum of 0 &

15



Topology from operators () &5
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Theorem: Two invertible, Hermitian matrices 0 and 0 @an be connected by a path of invertible
Hermitian matrices ifand only if O EOG O KEUQ
A O E(Cis signature, the number of positive eigenvalues minus the number of negative ones.

Theorem (Choi, 1988): If 'Yand “Yare n-by-n matrices with 'Y"Y “Y'Ythen

off Y

How do these results help? And the requirement that Y'Y "Y"™becomes
u Yo 0 00 § 5
U Yl ® 0 Qo 0O [O O w]O mand [O O wd

Construct the 2D spectral localizer:

O¢ ki) (A0

(O ON® I(w w0 Do o
I(w w0 D wO 0 00

If O EUG f fH(OWNHO)  mifor a given Ohodi then
the system can be continued to the atomic limit at that point.

16



Topology from operators

UntuitivelyY what As goi n gMeasweof protecton (i . e. , a 3|l ocal g
O¢ i) (GO JUR. O i 7H(& B R O
I o)X, 1@ @&, (0 O, C 8RR v BCRR )
; . _ o (smallest eigenvalue of O¢ ®n 1))
A Oand whwcont ain 3Jorthogonalj{ i nformati on
4 Rigorously,

A Pauli matrices (+ identity) form a basis for 2 -

by-2 Hermitian matrices. - . nmar e
0 "IJ: cannot change local topology
U Combination preserves the independent . (Weyl ANs 1T nequald.
information in  "Oand @hwwhile forming a v
single matrix. Spectrum of 0

Loring, Ann. Phys. 356, 383 (2015)
Loring and SchulzBaldes, New York J. Math. 23, 1111 (2017) 17
Loring and SchulzBaldes, J. Noncommut. Geom 14, 1 (2020)
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What does this look like?

Localizer index

Topological heterostr r . .
opological heterostructure Local density of states Localizer gap 0.5
Trivial =

material - 2 =
e %8
= &
o
Chern =
material , 0.0
Positfon, x

Connection between chiral edge states and local gap closing?

i YES!
U Built-in bulk -boundary correspondence

U Gap closings necessitatenearby states of the Hamiltonian

18



Topology for a gapless system? Wi (A

IJmetallized Hal dar /—\

.,

\_ .
"',‘ ‘_.#"\ _tl lllllllllllllll-:_l-lh‘l.l_lllllllIl_lll Found boundary 'locallzed States
Pava N
‘l SR S tS -'-__.. . . . . .
K. B U Resistant to hybridization
1 S~ o tcea@ -..-'
A U Robust against mild disorder

Can such systems be classified?

s C=02% A What if Fermi energy is here ?
& 2v3
= 0 < :
= 23 A Measure of topological
protection without a band
—4/3 I 2
- —7/2 0 /2 7 gap-
) R — "
20 30 40 50
D. Hsiehet al., Science323, 919 (2009)
Bergman and Refael, Phys. Rev. B82, 195417 (2010) 19

Junck et al., Phys. Rev. B87, 235114 (2013)



Chern metal

Ribbon band T

structure

dane model j

Ha l

zed

IJmet al | i

No qualitative
difference in
LDOS atO Tt

Even though 'O 'O ‘(has
eigenvalues at 1

M/t

O¢ i 1) can still be gapped!

Bergman and Refael, Phys. Rev. B82, 195417 (2010)
Junck et al., Phys. Rev. B87, 235114 (2013)

&mon. Y

gy, B

(d)Local density of states

Position, x
(e) 2D localizer gap (AE)

Position, y

~~
=)
~—~

o(Ly)/AFE

_ Position, =

Wavevector, k, (\/ga /™)

2

Energy, E @

Position, y

—_
—
~

Position, y

J

0 ()..5 l l..5 2
Wavevector, k, (v3a/)

(h)Local density of states

Position, x

2D localizer gap (AFE)

Position, x

J

AC and Loring, Phys. Rev. B106, 064109 (2022)

20



Disordered Chern metal () S
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A4

By retaining position information from ¢

U Identify local gaps

U Classify local topology

W/AE = 0.89 W/AE = 1.77

— 1 |\
w
08 ©
. :
S 0.6 Cﬁb
e =
"B 0.4 09
O o
Ay Lo
0.2 —~
BN
— 0 3

Position, x 21

AC and Loring, Phys. Rev. B106, 064109 (2022)



Application to 2D electron gasses and artificial graphene () i

Artificial Graphene 7z
guantum well with added potential ®

O Cdz( Qo QA0)) 0) —i 6
'O T d) T »

U System mostly behaves
as 2D electron gas
u IQHE

Park et al., Nano Lett. 8, 2920 (2008)
Wunschet al., New J. Phys. 10, 103027 (2008)

Added potential closes the
Landau level gaps

Nevertheless, spectral localizer
yields correct Hall resistivity

Experiment

700
GcO0F
S00F
400
300F
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100F

R (Q2)

64 66 68 7.0 7.2 74
Magnetic field, B (T)

o1 2 3 4 5 6 7 8
Magnetic field, B (T)

Simulation

600 —
S00F
400F
300
200F
100

DOS(E;) (a.u.)

0 P — - Sl x o 0
o 1 2 3 4 5 6 7 B8

Magnetic field, B (T)
Spataru, Pan, and AC, Phys. Rev. Lett. 134, 126601 (2025)

0 6.-4 6?6 6.-8 7.-0 7?2 7?4
Magnetic field, B (T)



Topological origins of pinned states _
Spin Down

(c)

B¢ iy (GNEHO) ) ] 500 :
(o oy, Iw &Pa, (O OYuw, - :
o 400 ; 5
To probe s“ystem -level phenomena characterized E 300 bsmmma-s : O.Si
by length v — T
| 3 200 1,
TN a
To probe antidot phenomena with diameter O 100
O
I D? 0 5 6 7 8 9 10O
trading spectral resolution for spatial Magnetic field, B (T)
resolution © la%a%a%a%a%a%a%Ya%a%Ya%a%a!

O requires a larger O
[ @)
PP

- &y . B _ .-t - .8 .. W V.Y .-.9-9
@) @) O (@) @ (@) @) O O @ O (@)

Spataru, Pan, and AC, Phys. Rev. Lett. 134, 126601 (2025)



Emergence of Ho f s t a luderflix as potential is turned on () i

Laboratories

Magnetic field, B (T)

Discretized version of continuum Hamiltonian

U Can directly see Integer Quantum Hall Effectat w T

Energy, £ (meV)

U Automatic incorporation of high -energy phenomena

Y T w
Wavevector — Spataru, Pan, and AC, Phys. Rev. Lett. 134, 126601 (2025)



Classifying fragile topology via matrix homotopy (D)

Consider a finite 2D system with open boundaries Define
Hamiltonian O 0 (06>) 0 (0)D)
Position operators G
‘CwhoN E E after simplifying
Fragile topology can be protected by (0 D)-symmetry 0 O O
0 z p YJmotation about out -of-plane axis " defines a real structure for the C* -
D z Bosonic time -reversal symmetry, D O algebra formed by E E
For a system with this symmetry o 0O
(06>) Qo>d€) O W W

(0D2) 0 )D) W
(0D2) WO D) )

graphene

4° graphene

25
Ponor, Wikimedia Commons Lee, Wong, Vaidya, Loring, and AC, arXiv:2503.03948.



Classifying fragile topology via matrix homotopy M (&

Define In some basis, ” © U

0 (06>) 0 (0)D) Can directly verify that the unitary
after simplifying 0 \/__(6 ‘00

v 000 yields

" defines a real structure for the C* -

algebra formed by E E wbh w (‘*’U‘*) )

0 O And thus
A A symmetric
(d) 000 ) ® (0o skew symmetric

26

Lee, Wong, Vaidya, Loring, and AC, arXiv:2503.03948.



Homotopy Iinvariant of skew symmetric matrices () s

.m>
.m>

Skew symmetric ? Y "y Well-defined sign

Pfaffian 2 O | | E| /
Determinant ? AAOY O &

Laboratories

If we want to change O E[Q ]

while preserving Y Y

m»
m»

.m>
L

s :
Connecting

‘ maitrix becomes
‘ non -invertible

27



Classifying fragile topology via matrix homotopy v
(0Qd ) @ ] ;

Form a (nearly) skew -symmetric spectral localizer (©dw ) W W . .
O hpy(wdmd hodd @y ) (oo o, (o s, (o 03,
[ Iodw l(odd @ QT 0
l(odd @ @ad 0 I(odow

At (o)  (1im), this spectral localizer is skew -symmetric

Invariant distinguishes systems based
on what atomic limits they can be path
continued to

So can define the energy -resolved invariant
~ (A0 OE [T fj (o ab Fodm fb'ad )|
— v { pip}e v Same definition of topological protection

as expected “CBERY »  OC R RH(® MR RO

28
Lee, Wong, Vaidya, Loring, and AC, arXiv:2503.03948.



Classifying fragile topology via matrix homotopy () s
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Local Gap Ky o) (e = sign[Pf(L)]
atE=y=0 0 W 103 -1 0 +1

1 1 1

1

AT Closing

5 -—

o ] |

&

©

3 Ep ] s e

8

i)

S ] i

3 <+

o Closing l

B ! | i
K M [ = 0 X 0 01 02 03
Brillouin Zone Position x Local Gap lg o g
Ki Young Lee

Momentum Space

29

Ahn, Park, and Yang, Phys. Rev. X9, 21013 (2019) Lee, Wong, Vaidya, Loring, and AC, arXiv:2503.03948.



General framework for non -linear topology

Working in real -space

U Can handle spatial non -linearities for free
n n e NS {a}
U( R R )(oothO )
O 00 (O 00O o v
(G w0 o wO O [ON©)

On-site non -linearity

O ( ) O Q | (b)

Stephan Wong

Topological non-trivial

lattice

Position

it it bt el it e
L] . ] . -"-".'.,.‘. L] . L] ."'-'-.“. ]
%% %" " s " s "% "%
b T e el e B et b
=|=-=|=|=|=|=-=-=.=|=|=
L b b b e b b e b ]
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Tl e Tl T T
B0 B B S B S e e
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9,90,0,0,0,0,.0.8.8.5_0,8

Position y

Position =

Position =

Laboratories

Topological non-trivial
nonlinear mode

L
0.0 0.3 0.6 0.9
"

(e)
a2 a%a%a" s "% %
LR
T
b b
A b it e B Bt
-
a%ea%s %"y 2% ¥e ety
LR
i i Bl e
- - - -
aYa%a s % s %a %" s " s " %%
BB B B B B B 8

Position y

Position

(F)

Position

Position =

30

Wong, Loring, and AC, Phys. Rev. B108, 195142 (2023)



31

Laboratories

National

t/t = 53.80
-
.
:

1
45.54

*%
.....
.....
e%e%
....'
.....
.....
e%e%
o 0 0
...‘.

N
[ )
T
e
el
=2
=
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
L ]
[ ]
[ ]
L ]

t/t
L]
L ]
L ]
L
L ]
L ]
L ]
L
L
L ]

60

50
0%e%"*
%%
%e%”*
o 0,0,
0%e%:"*
*9%:%
0%e®%e”®
%%
0%:%°*
o 0,0

Ceieesseeisensiian

40

t/t; =39.31

o

o

..

::

.
Position
Position =

30
Time t/t;

20

Wong, Loring, and AC, Phys. Rev. B108, 195142 (2023)
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Reconfigurable topology in exciton -polariton lattices

Driven -dissipative exciton -polariton systems

Qs Of "QQ—)F QT ("Q "Qa)é I 4 Parameters from
_¢ (r .er | )8 Y Klembt et al., Nature 562, 552 (2018)

— t=1053 ps

(a) — 1=512ps — =617 ps

LR'E NN R N R

YT e
= X RERFRERE W =
c IEYEEIRRRR c
o IYYXERYRYY " Wyl o N
S |- R e e L = - = =
7] 7] <
(e} o]
o YR RRRRFREE e o

I TR RREERERR R

I TX RN R

Position =

© Position z Position z Position z
32
Wong, Betzold, Hofling, and AC, in submission.



Reformulating Maxwel |l As eOluatio

Linear, local media, allow for dispersion This yielconsasdiealf
generalized eigenvalue equation:

~

A06) "Qr[oh )E (0)

£©)  Q-[h YAQ) © © 1006 ¢
g[-[oh YA®)] ™ ‘ 0 . (E(0)
¢l [oh JE (©)] o (4 ) © (o)
For non -zero frequencies, can recast as: 0 (6h ) ( oh ) 1o )>
NO) ‘fon ) € (0) . : . o
[(Q ) 1 < - (ol ))](76(6)) T And finally an ordinary eigenvalue equation:
00 1 o

The divergence equations can be recovered S T VN U e
using ¢ €(0) T for any vector field O U (oh Jw v (oh )
£(0), foranyl m © 0 7@h) (0

33



Reformul ating Maxwel |l As

By discretizing the system
u Yee grid
U Finite-element method

Obtain a lattice, with effective Hamiltonian r £ ' ~\

X This reformulation maintains symmetries
U Can prove that
0> 20 0 7Y b0

0 0 T(h)ed T(oh)

And the position operators,

U J
I" I" == Z—-—J—-—'ﬁ-—.—l—-‘ =
n 1) 1 ( \
X Numerically, it is impossible to do this for
are diagonal matrices of the lattice vertex local markers involving projectors
coordinates. U Projectors make sparse matrices dense.
Directly insert into spectral localizer: \ /
n g 010 (W 0O DL W
SCRHEEHO 6 w0 e oo 0 10

34
AC and Loring, Nanophotonics 11, 4765 (2022)



The Haldane and Raghu photonic Chern insulator (i) i
‘0 b T(h)wd T (oh)

5 (EFHO) 010 (W 0O DL "
SEPIC L I 0O RO &0 010
(a) (d) 0.00  pf(2rc/a)  0.02 (e)
BT ]
i 00000000 S 0.06
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Photonic Chern Quasicrystal () S
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Radiative environments
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Later realizations in other platforms
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Topology in Photonic Crystal Slabs
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